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1.* Fixed points of w ■ S2±B; ad - be / 0. 

I vZ^Q 

F^ and Fg are the roots of the equation 
cF 2 + (d-a)F - b = 0 


The identical transformation w = z is excluded 


F l " F 2 « oo 


z + b (b / 0) 9 


p 9 q real 


Any line 3 (Uz) 8 p is mapped on itself 9 but no other "circle”o 
The line 9? (T>z) = q is mapped on 9t (Bw) = q - |b| 2 o 


Fi « F 2 / oo 


v-F z-F 


jjh- + k; where c ¥ 0 f 


2c 


d-a* a+d 


The transformation is "parabolic"• 

The straight line 3 [k(z-F)} = 0 and every circle touching this 
straight line at F is mapped on itself: no other "circle" has this 
property. The set of "circles" orthogonal to the above set is 9 as 

a whole, mapped on itself. 


Fi / F 2 « oo 


w - F x = aCz-Fj); a = |(a 4 0,1), e»0| . 


D 8 set of concentric circles 9 centre F^. 

B 8 set of straight lines through F^. 

The set D as a whole is mapped on itself; so is B. No "circle" 
other than those stated below is mapped on itself. 

(i) a real, but a ¥ -1. Every line of E is mapped on itself. 


Every circle of 
\ transformation 


(ill) |aj 8 1 9 but a ¥ -1. Every circle of D is mapped on itself 


(iv) a not real 9 |a|/ 1. No circle nor line is mapped on Itself: 
"loxodromlc" transformation. 








FOREWORD 


The present book contains a collection of formulae and prop¬ 
erties of a number of conformal representations. No proofs are given; 
in Part IV, however, the method of the Schwarz-Christoffel transfor¬ 
mation is explained. 

Conformal mappings may be classified either according to the 
analytic functions w = f(z) describing them; or according to the 
curves and regions which they map, respectively, on certain curves and 
regions in the other plane, for instance on the unit circle and its 

Interior, or on the real axis and the upper half-plane. The first 
classification can be made more systematic. It has, therefore, on 
the whole been adopted in the present dictionary. The other method, 
however, is used throughout Part IV , and also in some sections of the 
other parts; for instance in I, $5 and II, §7* 

Completeness in the sense of including all relevant conformal 
mappings could not be aimed at in this short book, apparently the first 
of its kind; in which the author tries to deal with the subject in a 
systematic way and, incidentally, to fill the worst gaps. Also, in 
most cases transformations are omitted, if they can be obtained by com¬ 
bination of transformations included in this dictionary with linear or 
bilinear transformations. A typical example at the end of Part I will 
illustrate the use of the formulae of Part I in combinations. 

A number of special notations are used in this dictionary. 

In the Theory of Functions nobody would use a notation other than 
| z-z^ | « r for the circle with centre z^ and radius r; though it is 
different from the formula familiar in Analytic Geometry. For the 
straight line, ellipse, etc., however, the forms of Analytic Geometry 
are usually employed in conformal transformations; though, in most 
cases, they are not suitable for this purpose. By means of the other 
notations, some of which were used by G. Polya and G. Szegtf, and which 
are adapted to the present problems, general results, apparently not 
yet stated, can be obtained in a number of cases; e.g. in §§3.2; 3.3; 
6.1. The notation used for the rectangular hyperbola is due to Pro¬ 
fessor A. Erdllyi. The present form of the dictionary, aiming at con¬ 
ciseness by a proper arrangement of the results, is due to him and to 
Dr. J. Todd. I am greatly indebted to them for this and for other 
valuable advice. Again I wish to thank Professor L. Rosenhead, 
Liverpool• 
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7*3 Curvilinear triangle with two right angles. 
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10.2 w - tanh z, z « £ log strip; 


-plane, on cut plane; 


co-axal circles. 


10.3 


10.4 


10.5 


coth z, w « tan z, w = cot z; cut 

A log z - a '? gV+b . 

cz+cr ce«w+d* 


annular region. 


i+a 


; v 


sin(z+a 

slntz+b 


cos(z+b) 7 sln(z+b) 
w = (l+e z )^^, z = log(w+l)(w-l). 

w = c+(d+e° z )*/ 2 , z = A log(w-a)Cw-b) 

w = sin z, z « sin"l w; semi-infinite 
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w = log coth w * log tan z. 


v 
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sinh z ce z +d 


w = 
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Interior of parabola 


w 




z 


i tan(~ log v). 
2a 


v = cos(a log z). 
v = e iP l0 S £?§ + e" 1 * 
= z - J + 2c log z; 
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square, triangle with 
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13.3 
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13.8 


w = sn z, w 
square • 


2 

sn* z 


w = sn(z, 


1 


); rectangle. 


w = cnz, w = dn z. 

w =V~k sn(c sin" 1 dz); interior of ellipse on 
interior of circle. 

Exterior of rectangle on half-plane. 

Region exterior to two semi-infinite strips. 
Region Interior to one semi-infinite strip, but 
exterior to another one. 

w = fn"f* w “ - *n * <ta *| 

regular polygon on circle; isosceles right-anglei 
triangle. 

z - equilateral triangle on half plane 

sn w an w 


13.9 Triangles, with angles £, £ or £, g 
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NOTATIONS AND NOMENCLATURE 


Complex variables t z; w; £5 5 . 

z = x+iy; 3j(z) = real part of z = x; J(z) = y; z = x-iy. 
z = re*?; r = |z | > 0 ; 9 = arg z real, 
w = u+iv; »?(w) = u; vl(w) = y. 


Critical points of the transformation w = f(z)s 
The singular points of the analytic function 
w = f(z), the points for which = 0 , and 
z = 00 • 


Fixed points F^, F 2 , ..., of the transformation w = f(z)s 
The solutions of the equation z = f(z). 

Asterisk * s It indicates that at the results concerned the w-plane 
is supposed to lie on the z-plane, the positive parts of the 
real axes coinciding. 

M Circle f( 1 A circle op a straight line. 

Lines Straight line • 

Equation of the line 'tx+my+p = 0, where m,p real, -t 2 +m 2 >0: 

9?(£z) = p, or 3 (|iz) = p, 
where X *^t+im 4 0 , * m+l't® i£. 

Distance of a point z 0 from the lines a 

Angle between x-axis and lines arg X + £ + nic (n = 0 ,+l,+ 2 , ...). 

Ellipse s 

Equations Iz-z^I + I z-z 2 1 = k (k > | Zj-z 2 I)• 

Its foci are z^ and z 2 * 

Major axis: k 
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NOTATIONS AND NOMENCLATURE 


Ellipse . 

Eccentricitys \z 1 -z 2 \ /*>• 

Exterior of ellipses || + |z-z 2 | > k. 
Interior of ellipses |z-z^l + |z-z 2 | < k. 


Hyperbola . 

Equations Iz-z^l - |z-z 2 | = +k (0 < k < l z i~ z 2 l)» 

the positive or negative sign, respectively, holding for 
the branch nearer the focus z 2 or for the branch nearer 
the focus z^. 

Real axiss k; eccentricitys \z^z^/)s. m 
Equations of asymptotess 

((W 011 * (z - f3 r i) } = ° < cos * = 


Exterior, not containing the focls 





Rectangular hyperbola . 

The above hyperbola is rectangular if k >/2 = | Z 2 ~z 2 l • 

If, in addition, z 2 s -z^ (i.e. origin is centre of curve), then 
the equation of the rectangular hyperbola is also 

91 (z 2 /z 2 ) = ^ (foci +z 

Exteriors -oo < 91 (z 2 /z^) < 

Equations of asymptotes (three forms)s 

9t(z 2 /z|) = 0; or ttiz/z}) = + 3 (z/z 1 ); or tt/zU+o/zj}* 0 


Parabola. 


Equations | z-z ft | = | k - 9l(Xz) 1|X|“*; X ¥ 0; k \ 9f (Xz ft ). 


Focuss z = z Q ; directrix: 9?(Xz) = k. 

Latus rectum: 2|k - ft (Xz )| | X| vertex z = z Q + 


k- 9?(Xz A ) 
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NOTATIONS AND NOMENCLATURE 


Casslnians and lemniscates t | z-z^J I 2-22 I « k; k > 0. 

Fools z 1 ,z 2 . 

» k - ?i Zi-Z 2 l 2 f the curve is a lemniscate. 



See part five, In front of g!3 9 p. 169 



See footnote to parabola y §6.1, part II, p. 35* 



If w * f(z), then z = f(w). 


Region s An open connected set of points, l.e.s any point of the 
region R is the centre of circular discs consisting entirely of 
points of R, and any two points of R can he joined by a Jordan 
arc consisting only of points of R. 


Domain s It consists of a region and of its boundary points; e.g. 
the set of points | z| < 1, consisting of the region |z I <1 
[i.e. the Interior of |z| = 1 ] and of the circle |z| = 1* 



mapped on a region S of the w-plane s 


This statement implies that 

1) the transformation concerned represents R on S in a one- 
one correspondence* 

2) the boundary of R is mapped on that of S, but, if the 
transformation is not linear or bilinear, not necessarily 
in a one-one correspondence. 


The above connection between R and S is often Indicated by similar 
shading or by like Roman numbers, and by denoting corresponding 
points by like letters in Script. 













NOTATIONS AND NOMENCLATURE 


If a simple dosed contour C of the z-plane Is mapped on a simple 
closed contour P of the w-plane In a one-one correspondence! and If 
directions on C and r are fixed by taking corresponding points In order, 
then the region to the left of C Is mapped on the region to the left of 
r. This rule Is often used to decide whether the Interior of a closed 
curve In the z-plane Is mapped on the Interior or exterior of the corres¬ 
ponding curve In the v-plane. 





^ P 2 » / CD f P 2 / 00 


CF 2 +d 

CF^+d 



*t(ad - be) 


B = pencil of "circles” through F^ and F 2 

D = set of "circles” orthogonal to the circles of B (co-axal system) 0 
The results are the same as In the case F^ 4 Fg B oo y but read "circle" 
for circle or straight line there* 


2. THE LINEAR TRANSFORMATION w = az+b, a 4 Oo 

2.1 * | y « az| 

(I) a > 0. Magnlflcatlon y centre 0 ratio a. 

(II) a = e* T , % real. Rotation about 0 through angle t . 

(Ill) a = ke* T y k > 0, % real. Rotation about 0 through angle ? 9 
with subsequent magnification y centre 0 ratio k. 

2.2 * | v = z+bl Translation by the vector Ob. 

2.3 * | v « az+b] a 4 lo F Q « -i- y a « ke iT y k > 0 f % real. 

Rotation about F 0 through angle t , with subsequent magnification y 
centre F^ ratio k. 


If “» P» 1, r, 

L* M y P y Q y R real 

z - plane 

v - plane 

line x * p 

line ffiflfci) = p 

ft 

line y = q 

line $(l£=li) g q 


a 




3 


z - plane 

v - plane 

line 

‘tx+my = p 

line 

9? ^(t-im)2=fej = p 

line 

91 (az+b) « P 

line 

u - P 

line 

3(az+b) « Q 

line 

v = Q 

line 

SI |(L-1M) (az+b) | - P 

line 

Lu+lfv = P 

circle 

1*-* 0 1 “ r 

circle 

|w-(az 0 +b)| ■ |a|r 

circle 


circle |w-w 0 l * R 


3. THE GENERAL BILIHBAB TRANSFORMATION. 



az+b 


c / O f 


dw -b 
-cv+a 


ad-bc 4 O. 


3.1 



If a = -d, the transformation is involutory, i.e 0 v and 


z may be interchanged* 


Magnification I $£ I = I ? d " w l 


Critical points: z = -d/c and z *= oo« At these points the trans- 







4 


3.2 


Lino8 parallel to axes 0 


P> r p> 


z - plane 


Q 


z oo 


! -d/c, woo = a/c. 
p > Q> »♦ »p» R q real* 


w - plane 


line 


line 


n% 




3(-d/c) 


- ft (d/c) 


p / - ft(d/c) 


line y = - tf(d/c) 
line y * <i f q ¥ -3 (d/c) 


line ft |c(acT-‘Bc)(cw-a)J 

circle | w-w p | = R^; 

acp + f (ag+tic) 
p| c|* + 91 (cd) * 


ad - be _ 

2p|c| 2 + 2ft (cd) 
line ^ : 3 |c (act-lbc) (cw-a)J 

circle |w-w„ | ■ R t 

q 

acq 4- jfrl(ad-bg) 
q|c| 2 + 3 (ftd) 9 


I ad - be 
2q|c|* + 2 3C*d) 



z - plane 


v - plane 



line 9t |c(ad-bc)(cz+d)j = 0 

^(ad+bc) - cdP 
circle with centre z p =» — t line 

P| e | 2 - « (ac) 


radius r p = 


ad - be 


2P|c| 2 - 2 9? (aS) 


line 3 |c(ad-bc)(cz+d)J *0 


£i(id-bc) - cdQ 


circle with centre Zn = — ■ ■ ——, line 

Q Qle| 2 - 3 (ac)’ 


radius r. 


ad - be 


2Q|e| 2 - 2 3(ac) 







3*3 I Other lines y and circles. z^ * -d/c, w q© * a/c. 


P> *» 


P, R real* 


z - plane 


v - plane 






7 



Special cases 



az 0 + b - i 


cz 0 + d 


where s = 




|cr | 2 


{lL 




w', R as above 



« a/c 


5 R 


ad-bc 


®> l c z r 






b. SPECIAL BILINEAR TRANSFORMATIONS 



* 



The transformation is involutory (See §3.1) e 




Radius |QA| = 1. 

Z. zOw bisected by x-axis. 
A*z:zB - Aw: 6 v 


z-plane 
w-plane 


The points z and w are M inverse" with respect to the unit circle« 

p, q, r real* 


z - plane 


points z^ * Oj 005 i; 


w - plane 



points 



i; +i 


* Interior of "circle 11 of D (see gl) 

* exterior of "circle" of E (see gl) 

(i) line 9? (Xz) * 0 

(ii) line (Xz) ■ p 4 0 

(Hi) circle |z-z 0 | * | z 0 | 4 0 
(iv) circle |z-z o | « r 4 |z 0 | 


Interior of the same "circle" 
interior of the same "circle" 


line 

»(Xw) = 

circle 

I 

1*1 

1 

> 


1 

2 p 

line 

9? (WZ Q ) 1 

circle 


w - — 


= 



2 p 


1 

2 


(v) circle |z| = r 



circle | w | * A 

r 


i 









II 





**1 = i + 2 1 ^ ’** 2 ° « T 1 


p, q, P, Q real* 




12 


z - plane I v - plane 



p, q real. 


z - plane w - plane 


half-plane y > 0 
half-plane x > 0 

domain |x | ^ 1 
half-plane x £ ^ 

* exterior of "circle" of E (see §1) 

* Interior of "circle" of D (see §1) 

line x = 1 


half-plane v £ 0 


half-plane u ^ 

domain |w | £ 1 

Interior of "circle" of E 

interior of "circle" of D 
line u = 1, passing through w * 1 


domain |w - i| > 









z - plane 


w - plane 


line x = p ( p 4 1) 


line y = q (q 4 0) 




The transformation is involutory (see §3.1) 

^2 = 1 + s /1 
2 

p, q real* 


z - plane 


w - plane 


points z = 0$ z^- 1$ oo 

half-plane x > 0 


half-plane y £ 0 
domain | z | £ 1 

♦interior of "circle 11 of D (see gl) 
♦exterior of "circle" of B (see gl) 



points w = -1$ oo; Wqq = 1 
domain | v| 1 

half-plane v <£ 0 

half-plane u 0 

Interior of the same "circle" 
interior of the same "circle" 
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z - plane 

v - plane 

line 

T S T\ 

(p 4 1) 

circle | w - -Ej | = 

1 

* Jr 

l p-i I 

line 

y a q 

(q 4 0) 

circle 1 v - SLlil = 

1 <1 1 

i 

TqT 


♦Pi * |(i-i)(i + \/ 5 ) 

2 

p, q, P, Q peal. 


z - plane 

v - plane 

2 = 0; i; zfe - -1} oo 

< 

ii 

i 

H 

o 

8 

8* 

N 

H 

half-plane y > 0 

region | w| < 1 

half-plane x > 0 

half-plane v < 0 

region |z| < 1 

half-plane u < 0 

♦interior of "circle” of D (see gl) 

Interior of the same "circle" 

line x-y =1, belonging to D 

line u-v = 1 



LINES PARALLEL TO THE AXES [p, q, P, Q real] 
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plane 



plane 


line 

x = p 

(p ¥ o) 

circle 

|w - (1 - 

line 

H 

1 

II 

>> 


line 

u = 1 

line 

y = q 

(q ¥ -i) 

circle 

h-AI 


k+i| 





line 

H 

i 

n 

>> 


line 

H 

n 


circle 

l--fe 

1 

line 

u - P 

(P ¥ 1) 

circle 

| z - (-i 


line 

v = Q 

(Q ¥ 0) 



This Is a combination of -w ■ (5-i)/(5+i) and 5 = -z© 
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5. CONSTRUCTION OF LINEAR AND BILINEAR TRANSFORMATIONS 

which map given elements (points, lines, etc.) on given elements. 

Constants, other than those labelled "given 11 , are arbitrary except 
for the restrictions explicitly stated (such as "real", 4 0, etc.). 


5.1 Three points on three points. 


z - plane 


w - plane 


« 

(1) Transformations 
given z^z^z^y 


w-w^ w^-W2 z-z^ z^-Z2 
w “ w 2 w 3" w l z ~ z 2 z 3* z i 


and 


W 1 > w 2 » w 3 9 


all the points being 
finite. 



(ii) 


Transformation: 


W-W^ W^-Wg 
w-w 2 


z-z^ 

z-z 2 


given z^z^oo, 


and 


W 1 > w 2 ,w 3 * 
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z - plane 


w - plane 


(ill) 


w-Wo Z2“*l 

Transformation: * ■ = ■ -■ ? 

w 3“ w l z “ z 2 


given 


z l> z 2’°° 9 


and 



Wi,oo,w 3 



(iv) 


Transformation: 


w-w-, z-z 


w l“ w 2 


1 = *~1 . 


V z 2 


given z i* z 2’°° * 


and 



Wi,w 2 ,oo 



(v) 


w-w^ z-z^ z^-Z2 a 

2 z 3~ z l 


Transformation: —r = r —■ ■ ■ 

W-Wg Z-Zo z->-z 


given z 1 ,z 2 ,z 3 , 


and 




Wi,w 2 ,oo. 


(conf. il) 
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z - plane 


v - plane 


Transformation: Aw = P + 7 ^ 

ic(\z-p) + d 

a, b, c, d real, ad-bc ¥ 0 (See also 5*1); 
given p [p real], and A, P [P real] 



z - plane I w - plane 


(i) ad-bc > 0 

half-plane I half-plane I 

half-plane II half-plane II 


(ii) ad-bc < 0 

half-plane I 


half-plane II 





Involutory transformation* (w-z 0 )(z-z Q ) = be i(a+2T > ; b > 0 



If b<0, I is mapped on II. 


5.3 


Straight line on circle 



Transformation required* w-w = r 0 * t 



z-PH 


* real; 9?(0) / o 


given X, p [p rea i ] f 


and 



z 6o = (p+P)A 



w o> R 


(See also 5.1); 

[R > 0] 
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5 * 


z - plane 


v - plane 


IT 


Transformation required: Aw « P + ia + b z " z ,° +re ,, 


z-z Q -re* T 


a, b, t real, b 4 0 o 


(See also 5 


given z Q , r>0, 


and 


A f P [P real ] 





W 


xw 




Wqq = (P+ia+b)/A 


5.5 


Circle on circle 


z - plane 


w - plane 
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5.6 

Circle and line in contact on two parallel lines 






z - plane 

w - plane 


Transformation s 


Iw = ai + 


p i + 


2(2 2 ~Zo)(P 2 -P 1 ) 

Z ~ Z o 


; 


a real; 


given z 09 z 2 



line 9t 0Cz) = 9? (Xz Q ) 
circle |z-z 2 | = r 
circle |z-z* | = r» 


and 

a 


A; Pj,j Pg (real)* 



line 9f (Aw) « 

line 9? ffw) = ?2 
line 91 (Km) « P* ■ P 1 + 




(i) 


w 


-a + J; a real* 


line y = 0, circle |z + ii | * j 


lines v = 0, and v = 1 9 respective¬ 
ly 


(ii) 


w = -a 


2ir 

+ a real, 

z 


lines v 


0 9 and v « 1 9 respective- 


line x = 0, circle | z-r | = r > 0 





5.7 



z - plane 


v - plane 


Transformations Aw = P 1 + ai + y 


where 


p 2~ p l 

r l" r 2 


*2i 


Z+Z A -2Z 


Z c -2 


a real, 


given r^>0, r 2 >0, z i> z 2 9 
with | z,-Z 2 I = I , 


and 


A | Pg (P8ftl) 


/ 


IZ-Z3.1 - P x 
|z-z'|« r • 

I 

. x fz-z 2 1 =J 


\ 


\ 


B, III 

AT *» 


*2 


III 


IV 


ft 




*V> 

ir\ 

SA* 

ix?* 


II 


$ 


in 


*y 


IT 


Set 2 ^ * 


r l z 2" r 2 z l 

p l- r 2 


circle Iz-z^ | = r^ 
circle |z-z 2 | = r 2 

circle |z-z* | « r* 

touching at z Q 

line 9? |\(z-z 0 )J « o, where 
\s Zl -z 2 ; touching at z 


line 91 (Aw) 


line 9? (Aw) 


line 91 (Aw) = P 1 ; 

P« = P x + (P 2 -Pi) 

line 91 ffw) = P A ; P ft « 








Transformations Aw 


Pl + al + Y -^!l, 


n-*2 

a real) Y " =TKr *2 

*17*2 


|z—s*| =r* 


/ / |js-z“|=r" 

Jin ^ U^^sN 

\V i \ 

^ VIJ I 


IV 




ft 




- >-:^>r 


*p 

o 


CJi 




>.*05 


») 


**Ph 






riZo+ PoZi 

Set z_ = -=-=-=-± 

*l + *2 


circle |z-ZjJ = r, 


circle | z-z- | = r, 


line 91 fifw) 
line 9? (Aw) 


circle |z-z* | » r* 

touching at z 


line 


St flfw) = P» = P 2 +(P -P 2 ) 


r* 


r 1+ r 2 


circle | z-z" | = r" 

touching at z 


line 


touching 


line 5R flCw) « P” = P^+tPg-P^) 


(\(z-z 0 )) o 0 9 with line 



r 1+ r 2 


9? ffw) 


P l r l‘ fP 2 r 2 

P l +P 2 
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2 - plane 


v - plane 



points zb 0; oo5 2ir^ 

circle 1z-ir^ | = 
circle |z-lr 2 | ® r 2 


line 

line 


7 - 0 


10 , 


point 2^ » ir^l-e 


small circle touching both 
circles and passing through z^ 


points v 8 oo; irgArg-r^); 0 

line v « 0 
line v 8 1 
line u 8 0 

line v = r 2 /(r2-r 1 ) 


point 


g 2 

r 2- r l 


cot 2 


circle |w - (1± + wO| 


°*/M 

zm 


i 


i k 


ft 


i» I 

>! 






^ K 
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z - plane 


v - plane 



points z « 0$ oo; 2r^ 
circle |z-r^ | * r^ 
circle |z+r 2 | « r 2 

circle Iz-lp | ■ p 
lines z b 0; y = 0 


points w 8 ©I iTgAr^+r^)} 0 


line v = 0 


line v = 1 


line u ■ t* where t 


“ r l r 2 


P( r l +r 2* 


lines v = rgAr^+rg)} u « 0* 


5.8 



z - plane 


v - plane 


Given z. s ^O* z^i 5* ^ O 


end A . P t A 


rp__ p veeii 
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z - plane 



plane 



Given z 1 ; p 1 >0; \ 9 p [p real]and A lf ? 2 [P^, P 2 real] 





NCX^) - p| < r^JXl 


z q9 C 0 are the points of intersection of the given 11 circles' 1 in the 
z-plane; v Q is the point of Intersection of 5R (A^w) = and 

ftCAgW) * P 2 * 


Transformation required t 



<«-»o>(»r<o> 

< V ^> 


[K real, / 0 ] 


circle Iz-ZjJ = r^ 

circle | z-Zg| = r 2 ; or line 

tt(Kz) = p, respectively 

points z = z 0 j C 0 

z * co 

any circle passing through 

z ot Co 


line 9? (Aj w) ■ P^ 
line « » 2 w) = P 2 


points w * w 0 5 oo 



w s v +ka Slil 

oo o T&A i rj 

* 0^0 


line passing through v Q 



z - plane 


v - plane 


circle with centre v 



4>in 
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z - plane 


w - plane 


Transformation: w-w^ = B-e**where t real, A « 

1 * (z-z 0 )|X | -X(A-d) ill 


A -p > 0 or <J ■ - vA -p 


Given z Q ; p >0; X; p [real], and w.; IL >0; IL >0« But Rjp * RglA+d| 


illliM 


/%?/ 

<j-/ 


•sf/ 


*<4 


V 






line w(Xz) 


circle |z-z A | 


line 


{k(8-8 0 )} 


z e ) J “ 0 


»l>p 

|A+tf | < p 

circle 

Iw-lfjJ “ Rj 

circle 

Iw-wJ » Rg 

line 3 

(e“* T (v-v. )1 = 0 
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z - plane 


w - plane 


v 


n z " ld h 


■ -v/l^-p 2 > 0? 


I 


k > p >0 



z = 0 f 

oo; id; -id 

n 

> 

*1* 0, 

00. 

line 

o 

n 

K 

line y 

■ 0 


line 

n 

o 

circle 

< 

II 

M* 


circle 

| z-ik | = p [z q = ik] 

circle 

< 

II 

tv? 

RjP 

TSwT 

circle 

|z-z£ | = p 1 , where 

circle 

|w| - R 




z* * id -=—-• 
O r2-r2 


p’ 


2dRiR 


I r|-r?I ’ 


circle | z | « d 

circle |z - c -|^| - <* l-A-l, 

97(A) 97(A) 

where 97(A) ^ 0 9 intersecting 



line 


n » 0 


line 97 (Aw) = 6 


x = 0 at + id 
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Two circles, without 

* • 



point| on two concentric circles* 


z - plane 


w - plane 


Transformation i 


*1 i©d(z-zi)-s(z2-zi) 


w-w rt «t e x ; 

° v x d(z-z 1 )-t(z 2 -z 1 ) 


9 real 


| Zo-Zj I > 0 


st = 

s and t are the roots of the equations ± o 

(d-s)(d-t) = r* 

they are real. 


Given z 1 >z 2 » p l > °t p 2 >°* z i ^ z 2> 811(1 w 0 * R i >0 » *2 > 


hut 


R 2 r 2 t 

R^“r^ d£t 


III 


II 


>2 z 


Iw-wJsRj. 


GR 


II 


*l\ F&) I 1 


III 




II 


GR 


II 


) r z, 


p 2 


II 


circle |z-Z]J B 
circle | z-z 2 I B r~ 


radical axis of these circles 


circle |w-w Q | * R^ 

circle |w-w Q | = Rg 
circle |w-w c l = R^ltl/r^ 



v - plane 


w « oo 

V s V 
w " o 

line passing through v Q 
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z - plane 


v - plane 


circle |z*z^] = r where 


_2 R ?-!* 2 

line x = SH. 


TjRjR |t-s | 

r«a t 


circle |w| ■ R / w 




1 1 

circle I w I = -i- 


00 


circle |z-z^| 


where 


_ _ 'tA+sA _A(s-t) m /a\ _/ a 

*5° sum* p 2 *(75r »* w *° 


circle |z-7^|s p 


line 


line ft (Aw) 


line $ (Aw) 


line 


curvilinear rectangular quadr: 
formed by |z | ■ r^, | z-Zg | = 
and Iz-z^l = p 


half-ring 


between |w | = R^ and |w | « Rg 


domain |z-Zg I < r 2 


domain I v | > Rg 
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In combinations 


Problem t On what curves of the w-plane are 

(I) the line segments x = p, y < ic [p real] 

(II) the lines y « q [-n^ q < n] 


of the z-plane mapped by 


= 4e z -3l 

W 5e z +6i 



The transformation 


_ 


5 8 e 


K * d + 1*; real] 


maps x « p 9 y < it, on the circle l5l = eP In a 
(see III, §10*1) • The bilinear transformation v < 


points ZIq 


6 4 

- - 1 and oo, while 8 5 

5 5 


one-one correspondence 

has the critical 

5?+6i 


A*) p / log the circle |£| s eP does not pass through 5oo* The 


transformation then maps this circle on the circle 


l8+20e 2p 



39eP 


|36-25e2p| 


In the w-plane (cf. §3*3) In a one-one correspondence* 


B.) p *= log the circle |£|» eP Is, In this case, mapped on a 

7 



straight line « (Xw) = P, the formula of §3*3 gives A= - lit p . - . 

10 200 

Hence, w = (4e z -3i)/(5e z + 6i) maps the line segment x = lof 


I 


the line u = gL. An easy calculation shows that the part x = log £, 
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-*j£ 7 < - \ is napped <«D}X»log4t-|<y<w 


is 



napped on u = —. 

20 


< v < as corresponding points are z = log 


4 + 1 *, 


Z 


log | - 45 


6 


5 - T* z ■ l0 * f» 


z 


log | + i and v = co$ 


w “m* respectively * 



The transformation £ = e z maps y = q on the half-line 


K s e^e*, -oo<x<oo [0<|g|<oo], 


i.e., on part of the line 91 (X£) = 0, \= ie i( l. For q « + x/2, this line 


through 


- Hence 9 we take 


A*) q * + n/2. Then ft Rg) * 0 is transformed Into a line 9t(Aw) =P. 



0. Hence either of the 


lines y = «/2 f -oo <x < oo 9 and y = -«/2 f -oo <x <oo 9 is transformed into 
part of v = Oj Into the part - I < * < or Into the remaining segments 

u < - i and u > respectively 9 as a little calculation shows* 

B.) q 4 + ic/2. By the formula of §3*3, we see that the line 


9?(Xg) = 0 [\b ie i( l] is transformed into the circle 


|w-w c | = R; 


8e i<l -5e“ i<l . 
w^ = ■ ■■ ■ ■ ■ ■ . i. t R 

° 20 cos q 9 


13 


20|cos q| 


Hence y = q f -oo <x < oo is mapped on one of the two arcs of this circle 9 

and w w « These circles, and the 

line v = 0 9 form a pencil, orthogonal to the set of "circles 11 obtained 
in problem (1). 


bounded by the two points w = - 1 
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PART TWO 


ALGEBRAIC FUNCTIONS. AND v = Z 01 FOR REAL tt « 


6 


THE FUNCTIONS w = z 2 , w = z°, w = a z a + bz^ (a > 0 > P ), w = az° +b£^ 
(p > o > O). 


6.1 v = z 2 ; z = 


Critical points: z = 0 and z * oo • 


♦Fixed points: 


F. = 0; F 2 ■ 1 


z - plane 


v - plane 


half-line y * 0; 0 


half-line y = 0$ 0 > 

half-line x = 


< X <00 1 
> X > —00 J 


half-line v = Oj 0 < u < oo 


half-line x 


= 0; 0 ^ y < oo | 

= 0; 0 > y > -co J 


half-line v = 0; 0 > u>oo 


half-line z = re*? 
half-line z = r©i(9 +1 0 


1 9 fixed 
0 < r < oo 


half-line w = Re 2 ** [O < R = r 2 < oo] 


9 < n 



Wl,Wi 

. / / r; / i /11 


y = o 



fei 


= o 


M 9 § 9 § 

,/Mb,, 

'///MM/M/i/.,. 





( "///MX * 

y = o 

W7777777 7 

W ,/ 


V/i 


' "'//////,, 


/// 


v = 0 


w = 




vW/w/ 

'////ft' 
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z - plane 

w - plane 

half-plane y > 01 

half-plane y < Oj 


cut w-plane 

semi-circle |z|= c, 
semi-circle |z| a c f 

y > ol 

(c> 0) 

7 < Oj 

circle |w|« c 2 ; point w = c 2 counted 

twice 


Parabola 


z - plane 

< 

line $'(\z) »s (s £ 0) 
line 9t (£z) = -s 
half-plane 9? (Xz/s) > 1 
strip 0 < 9t(Xz/s) <1 

line x * p (p ^ 0)1 

line x ■ -p J 

line y ■ q (q £ 0)1^ 

line y = -q J 

strip bounded by x = and x = p 2 

[piP2 > 0] 



v - plane 

parabola |w| »| 2s 2 - * (w\ 2 )11 X| mm2 f 
focus w * 0, directrix 9? (wX 2 ) = 2s 2 
exterior of this parabola 
its Interior t cut along the axis 
of the parabola from the focus to 
infinity 

parabola v 2 = ^fp 2 (u-p 2 ) 

parabola v 2 = 4q 2 (u+q 2 ) 

region between v 2 = - u) and 

v 2 = ^Pf (p| - 



The single curled bracket indicates that each of the two lines of the 
z-plane (In this case both y = q and y = -q) is mapped on the curve of 

the w-plane [here on v 2 = 4q 2 (u + q 2 ) J in a one-one correspondence* 








0 
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Rectangular hyperbola 


Foci +c; asymptotes 


9t(c~ 2 z 2 ) = 1 


sKc^z 2 ) = 0 


z-plane 


w-plane 


either branch of hyperbola 

Interior of either branch 

region bounded by a branch of 
hyperbola and adjacent parts 
of the asymptotes 

region bounded by adjacent branches 
of * (e^z 2 ) = 9) (c^z 2 ) * 1 ; 

C 2 /Ci 4 +1, but real 
either branch of x^-y 2 = P (P >0) 
either branch of 2xy * Q(Q < 0) 


line 9? (c" 2 !*) = 1 
half-plane W (c" 2 w) > A 
strip 0 < ffi(c" 2 w) < A 


strip bounded by 9 ? (c~^w) » A 


* (eg 2 *) = 


line u = P (i.e« 9 
line v » Q (i.e. f 


12P) 

£Iq) 



mapped on u 


P or v « Qs 




38 


Cardiold; llmacon 



z - plane 


circle |z-z c |«|z 0 | 
circle |z+z 0 l«|z 0 l 


circle |z-zj 
circle jz+zj 


(c >0, z j 0 ) 


v - plane 



cardiold w ■ 2z 2 (l+cos 0)e*® 

o 

(-*£ e < n) 


z 


WM 


llmacon w-w^ = 2c(z Q + c cos 0)e 
w«i ■ z? - c 2 ; -rc < 0 < * • 


10 


(In the figures is taken as a real and positive number) 


z - plane 


Case (1) 

either part of |z-z^l I z+zj 
foci z^ « + /wj 


v - plane 


circle |w-Wjj 



w=0 


m 


[C < | wj] 

outer curves 
C = I w 1 1 

inner curves 
C < 1 I 







z - plane 


Case (11) 

| z-z^ 11 Z+Z-J = C | foci z^ 


v - plane; / 0 




circle |w-WjJ« C [C >|WjJ], counted 
twice 


part x>0 of the Interior of 
Casslnlan 

part x<0 of the Interior of 
Casslnlan 


Interior of circle, cut from w = 0 
to w 1 ■ >R (w^) - {C 2 - ^w.^) 2 } 1 ^ 2 , 
i.e. point a 




* 


Examples ; Exterior of parabola 

on (1) Interior of circle (11) upper half plane 


(i) w - 2 Jf- 1, 


K >0; 


z 


4k 

(w+1) 2 


z - plane 

w - plane 

parabola y 2 = 4K(K-x) [i.e. 

circle |w|a l 

r cos 2 K] 

2 


region outside It, not containing 

region |w| < 1 

focus z « 0 


points K; 4K; +21 Kj 2K; oo 

points 1; 0; +1; >/2~ -1; -1 


(11) w * al (p^^dz+h+p) 1 ^ 2 - l} ; p > 0, a > 0. 

= -tw 2 + mw + n t where t = ipa" 2 , m = -2pa*“^-, n = lh 


z 
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w « az 2 + bz 4- c) a 4 0; 


-b ± (4aw + b? - 4ac) 


1/2 


2a 


_ ,2 


This is a combination of 5 = C, and of the two linear transformations 


t = z + £, w = aS + 


4ac-t£ 

4a 


[see §2.2 ]. 


Fixed points t *F, ■ 


1 - b + >£l-b) 2 - 4ac 


2a 


6o2 |v a z g t a > 0 | Z a W0, p = i. 


half-nlane 


Critical points: 


0 and z » oo 


z - plane; 






(r >0) 


v - plane; 


Be 1 ® (R > 0) 


half-line y = 0; 0 < x < oo 


half-line 


re 1 * 


<f fixed ] 


half-line z » re 1( * +ac1lt W[o<r<oo 

[k = ±lj+2, ...] J 

f// 

S/'/ff 

* * z ]“° 


half-line v « 0, 0 < u < oo 

half-line w * R©i9 a f 0 < R < oo 


'M/m///, 


?//////, 
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z - plane; z = re** (r> 0 ) 



angle 0 < 9 < pic 
angle pic < 9 < 2 pn 


w - plane; w = Re*® (R>0) 



half-plane 7 > 0 
half-plane 7 < 0 



z - plane; z ■ re*? 

w - plane; w = Re*® 

line ^(ze*"*^) * s; s £ 0. 

curve rP = s/cos (p0 -♦), where 


a(ick -$+♦)< 6<a(ick + J + ♦ ). 

2 2 

line x = p (p < 0) 

curve R^ = p/cos p0 

line 7 ® Q (q | 0) 

curve rP = q/sin p0 

curve r° = S/cos (09 - x)» where 

line 9? (we"*X) ■ S; S £ 0. 

P(*k - | +X ) < * < P(*k ♦ f +X )• 


curve r° * P/cos a<p 

line u ■ P; P £ 0. 

curve r a = Q/sin 09 

line v = Q; Q £ 0* 


k any even number for s > 0 or S > 0; k odd for s < 0 or S < 0* There is 

a finite number of curves, corresponding to a given straight line of the 

other plane, if and onl 7 if a is a rational number* All the curves pass 

through the point at infinit 7 * For s ■ 0, or S « 0, see the lines z = re*?, 
9 fixed* 



42 


z - plane; z = re*9 


Example : a= 2/3; w 


v - plane 







curve 

case 0 < a < 1 

case a > 1 

r° « S/cos (af -x ) 

no asymptote 

line z - re 1 ? 0 * + f +X \ 



k * 0|^1| ••• 

rP s s/cos (00 -t|» ) 

line w = He 1 * 0 * + f 

no asymptote 


k = 0,+l| ••• 




for the ease when a Is an Integer n. 


The generalised hyperbola r° = S/cos (aqp - x) consists of exactly 
n branches, each of which is mapped on 9i(Aw) = S y where As e^-X. 


flenerallsed Cassinians 


z - plane 

w - plane 

each part of | z-zj |z-z 2 1 • • • | z-zj =Cj 

circle | w-w Q | = C; 0 <C <|w 0 1• 

foci Zj « eSinj/n®^ (3sl,2 t «^n3 













- plane 



closed curve |z-zjJ|z-Z 2 I ...|z-z n l * C 
(approximately circle for large C) 

region bounded by this curve and 

lines z * re^P, z = 

(<p fixed) 

(case n = 4; v Q is taken as a 
negative number; A = e*X) 

[ w (Kv) = S a w (Kv 0 ) ] 




Z = W"P| p = l/a 

Critical points: 


z - plane 


point z a o 
point z « oo 

half-line y = O f 0 < x < oo 

4 

half-line z = re^P; 0 < r < oo 

half-line z = pel(9+2k*P) { 

k a +1^+2| ••• 
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v - plane 

circle|w-w 0 |= C, counted n times; 

c >|w 0 | >0 

Interior of Iw-v 0 1 = C (C> |v 0 |), 
cut from 0 to the point at which 

the line w = meets the 

circle 


Angle on half-plane. 
z = 0; z = oo 

w - plane 

point w = oo 
point w a o 

half-line v = 0, oo>u > 0 


half-line w = Re-W 0 ; co>R = r“°>0 
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z - plane 


v - plane 



Cardioid and generalised cardlolds (a > 1). and lemnlscates (0 < o < 1) 


In the figure| « « 2 (cardioid), p = 


z - plane I v - plane 




/ / / / / r 


V/// h 


R"^ sin 0p =-q 


r*Pcos 00 
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z - plane 

w - plane 

line 8 (e“^z) * s; s > 0 

each part of rP « s" 1 cos(6p + t|»); 


| 0 - a (2k n - t|» )| < an/2; 
k s 0 | tl| j ••• 


curves are closed, with a cusp at 0; 
with tangents w = Re oi ^ k1c+ 2 


k ■ 0, +1, +2, ... 


there are n parts if 


a" 1 = n = integer 


| v o az g + bz** g | a>O f ab 0. Pop o * 1 see also §8. This is a com¬ 
bination of 




and 



see g7.2. 


z * plans $ lc ® ^2 j ••• 

w - plane 

- l/2o 

sector area |z| < l~l , 


one of the two half-planes 

2kn arg(b/a) arg(b/a) 

a 2a ' ~ “ _ ' 2a 

, *(21eH) 
a 

. l/2a 

<° 

area |a|>||| , 

2kit arg(b/a) arg(b/a) 

a + 2a < "• z < 2a 

, *(2k+l) 
a 

the other of these half-planes. 

arc, lying between these two regions, 

ci 

of circle | z | = | — | 

a 

line segment joining -2 V ab to V2ab 
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v c azP » bz? ; 0 >O>y» ab^O. For Y s - P > see also previous case 


c = ; x = (l-tf)arg a + d arg(-b); t|i * p* arg(- &) [x s ♦ s 0 if a>0>b] 


z - plane 


v - plane 





II 


1 

(R ‘Dj* 
fit 


v 


if 


points w Q = 0; = de^***^; 

Wo * de^X" 


6.3 U 


g - zP| 0 > o >o. 

Y« P - a 5 


re 


19 


(r > 0, 9 real) 


z - plane 


w - plane 


points 0; 1$ z rt = C«/P) 


1/Y 


half-line z. £ x < oo, y = 0 


points 0$ 0$ w Q = £(p») 


®A 


half-line w 0 > u > -co y v = 0 


either of the two halves of 

fl fi (B SF 4 


half-line w < u < oo f v = 0 
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z - plane 


r ^ = sin a<p/sln P 9 * 



w - plane 



half-plane v < 0 
half-plane v > 0 


Behaviour of the curve at Infinity. 

Y > 1t asymptotes arg z = +k/P 

Y = It asymptotes arg(z-p) = +*/P ; P = 1/P; see figureo 

When a = l(P o 2) then the curve coincides with its asymptote 
x = 1/2. When p < 2, then p > z Q , respectively. 

0 < y <1 * no asymptotes • 

For P b 2a a 4 f curve is one branch of hyperbola (z^) = 1/2. 


lw = az g + bz P 1 ab 0, p > a > 0. 

This is a combination of 

w * a(- jj) ^ K 9 z = (- j^) ^ K> and £ 3 C°- (y = p - a). 
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7. 




BY 




S OF 



or straight 


Unas on half-plane 


7*1 Region bounded by 




on half-plane 


z - plane 


w - plane 
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z - plane 


w - plane 


arc (z 0 ,C c ) of circle (s-ZjM * 0**11 

arc (z c ,C 0 ) of circle | z-z g |■ |z 0 -z 2 l 
points z Q * 


half-line v = 0, 0 < u < oo 

half-line v ® 0, 0 > vl > -oo 
points 0; oo 


- %*/« 





»-•(£). 


c > 0, 0 > 0, xl( Zl ) 


0 9 0<a < ic 


z - plane 


v - plane 


XZ 2 x z. 


& 


V 


y-0 


M° 




® v.=0 




-I/'s 


points z q 5 C 0 = i«} z 

\ = Z2-lz 2 l 


*1-12,I5 


arc(Z qZ^Cq) of the circle C l9 with 


centre z 


points 0; oo; = clz^l ; 




-c Is, I** 


half-line v = 0 f 0 < u £ oo 


arc(z 0 z lf C 0 ) of the circle C 2 , with 
centre z 2 


half-line v = 0, 0 > u > -oo 
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£ For further particulars see R* A. Frazer. Conformal representation of the 
internal area of ovals and aerofoils, ana its applications, 193 2 , Aero¬ 
nautical Research Committee* The above diagrams are copied from this 
report* 
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z - plane 

w - plane 

points z = -c$ c 

points w = 0$ oo 

arc q ®5) 

half-line v = 0, 0 < u < 00 

arc ft e-o 

half-line v = 0, 0 > u >, -00 

region bounded by these arcs 

half-plane v > 0 

aerofoil or. o , with angle a at 0 

line parallel to v = 0 in upper 


half-plane 

curve 9 

circle 3 


When 0 < 0 and 0 « - j f then the aerofoil is symmetrical with respect 
to y = 0. I 


o 

ii 




4 



c > 0; 0 < o £ 2*$ z 


l 



\ 


a/rc 


\Vw-l/ 


Critical points for the sector: z s 0 , z = c, z * ce 


ia 


z - plane 


w - plane 


points z. « 0; ce^ (0 < 9 < a) j 

i«/2. _.ia 


points 1 ; -cot 2 00 5 -1? 0 


c; ce 


) ce 







z - plane 


w - plane 


line segment y = O f 0 ^x<c 
arc z = ce^P 9 0 < 9 ^ j 

1<d a 

arc z = ce Y , £ £ 9 a 
line segment z = re ia f c > r > 0 
line segment z = re**^ f 0 £ r £ c 



half-line v = 0, 1 ^ u < oo 

half-line v = 0 f -oo < u £ -1 
line segment v = 0, -1 < u < 0 
line segment v = 0 f 0 < u £ 1 
semicircle |w | = l f y 2 0 



Area of semicircle on upper half-plane 


z - plane 


point z = ce 


i<P 


0 < 9 < «s ic 


w - plane 


point w = -cot 2 £ 


z s lc 



z= c 






combination of 
or of w = -|il f 


C = izj S = , w 

K = (2c)" 3 * + (- |)/z 



(see §8). 


z - plane 


area of semi-circle |z| <c 9 x > 0 


v - plane 


|w |<1 
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(1+s 3 ) 2 - i(i-g3) 2 
(1+s 3 ) 2 + i(l-z 3 ) 2 


5 


combination of v 




z - plane 

w - plane 

. . . , ix/3 ix/6 

points z * 0; 1; e ; e 


points w = -i; 1; -1; i 

sector area |z| <1, 0 < arg z 

<t 

< 

A 

H 



Curvilinear triangle* with two right angles on half-plane* 


Third angle a 4 for « = x cf. §7.1 



Given z Qf z^, | C 0 ; z 0 »^ 0 finite; 0 <« < 2x. 
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z - plane 

v - plane 

region (z 0 - 0, z£, z£) bounded by 
C^t C 2 , and circle 

TZ+i| ■ \|l+dx (c > 0 f T > 0) 

half-plane y > 0 

arc of circle passing through 

z Q = 0 and = id, blsectlngza 

semi-circle | w| * 1, v > 0 

end-point of this arc, on circle 
|tz+ 1|« \|l+dv 

point w = -1 

points z 0 * 0, Z^, z£ 

points 1, oo, 0 


Notes if t * 0, the region is (z 0 « 0, z^, z^) and is bounded by C^, Cg 

and 3 (z-z^) = 0. 

If it/a is an integer n, then the z-plane can be divided up into 4Ini 
triangular regions 9 mapped in turn on v > 0 and v < 0$ the transformation 
is a rational function, cf. §7*>f and 7*5* 


Example ( ill s z Q 







0.^ 



with angles 


ic * X 

2’ ?»5 


, b (z 2 -z+l) 3 

1 ■ w = 27 (z^-z)^ * 




Critical points: z = 0; 1, oo; 2; A; -1) z j ( 0 « 


points 

points 

points 


v - plane 


point v = w(z) 


points 0; 0; 0; oo; oo; oo 

points 1; 1; §£; 22 

* 9 9 IT 27 9 27 


z - plane 


z; z" 1 ; 1-z; (1-z)* 1 ; 
z(z-l)" 1 ; 1-z* 1 

2 * jh -If 0; If oo 

*0* *oi *±*5 §<i±i> 
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7 A Curvilinear triangle with 


:le 8 * *, i * , i* on^Elaae 


(*" + 

v °br7 


2z 2 vf3 - 1\ 3 


2s z & 


ST- 


Critical pointss z « 0; £(>/& -\f2); Q(yf5 + V2)| ije i *^ f ; oo; where 


t|« 1| if -If -!• 


z - plane 


e. 0, oo, * 1%A ; e- iKA , 

-izA 


i*A 


I 


«* + ^(>T5 - >/2); ± £(y/5 + >/§); 

e: + 1(VS + \f2) | + |(>fS -\T2) 




w - plane 


point 1 


points 0) 0 
points go \ oo 




I 



e 
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v - plane 


z - plane 

parts of "circles' 1 x ® 0; y ■ 0$ parts of v « 0; see figure* 

each of the 12 regions II half-plane v > 0 

each of the 12 regions I half-plane v <' 0 

Bach of the angles at a is x/2; at <b and at et x/3* 



Critical points: z * 0; t|(\/2-l)$ n(V2+l)j 

f(v/5W2)e 11lA } oo; where t)« 1 9 i, -1, -1* 

z - plane v - plane 

w jfs nfr^J n point * = v(z) 

points a i 0; tj; oo, see figure. point oo 

points <b: tj(V2+l); ije**^ 4, point 108 

points e: point 0 

parts of x = 0; y = 0; parts of vsO, see figure. 

arg z = e± i,tA e±3 iwA , 


1*1- i; |z±i| = 

|Z£1 |=>T2. 







z - plane 


v - plane 
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Critical points: z « 0, z = oo, z «* + >/ P/a ® +Jc/i. 


z - plane 


points z; 


± 

az 


points 0 ; oo 


points - & 
points & 

a s 

points lktwipi -ijeotp 


w - plane 


point w ■ az + £ 

z 

point oo 
point 0 
point 2 k cos 9 
point - 21 k cot 29 


A drawing representing the curves u = const. 9 v » const, for 

<* = P = If 

u = 1.0, 1.1 9 l«5y 2.0, 3.0; 

+▼ b 0 9 0.5, l.o 9 2.0, 3o0, 4*0} 

is contained in 

Stress distribution near a surface crack in 
a bar under tension, by N. Rosen. 

(A. 45/770). 




Lover 

Upper 


telf-plane on cut plane 




Interior 

Exterior 


of circle on cut plane. 
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z - plane 



a 


circle | z | « | k/a | 
line M (izE/a) = 0 
line 3? (zk/fr) = 0 

both the region |z|<|£| and |z|>|&| 

tt o 

half-plane 9? (ikz/a) > 0 \ 

half-plane 9i(ikz/x) < 0 J 


w - plane 



segment (-2k 9 2k) of line 9) (ikw) = 0 

counted twice 

line 9? (ikw) = 0, excluding this 

segment 9 counted twice 
line 9? (lew) = 0 y counted twice 
whole plane, cut from -2k to 2k 
whole plane, cut from 2k to oo and 

from -2k to -oo 


8.2 Circles on circles8 centre on centre. 


z - plane 

w - plane 

z Q = sec 2X$ 0 < X < X*£ 

w Q = 2k sec 2|i; tan = tan 2 X, 

0 < < j 

circle | z-z 0 1 = | ^ tan 2 X | 

circle |w-w 0 |« 2|k tan 2|i|, 


counted twice 

set of coaxal circles, with 

set of coaxal circles, with limiting 

limiting points +k/fc • 

points +2k, counted twice. 
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z - plane 



Bach of the two regions bounded by 
|z-z 0 |« | n/z^- Poland |z|®|k/o| 


v - plane 



w* = 2az 

o 

|w-v e l<|J^p|, slit along the 
segment from -2k to 2k 



i & tan v 
a 

- ^ cot V 


JL 

az^ 


°< v < r 

2 


circle |z-z»|=|? sec «| 
circle Iz-Zgl^lJ cosec v | I 

set of coaxal circles passing 
through +Jc/a 


* -2ik cot 2 v 


arc of |w-W]js 2|k cosec 2v| 9 
counted twice (cf* figure) 

set of coaxal circles passing 
through +2k, counted twice* 
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v - plane 


z - plane 




/v 


Z 1 ±vaJ-0/« (i.e. s,{f) 

z 2 +y/z|-p/o (i.e. e , © ) 


crescent ® a> <r s e 
rlor to both circles 



point 2az^ 
point 2 az 2 = 2p/z^ 

exterior of circle a a> <b s a 


t, t', t fixed, 0 < t < t* < 1) -t = t + 1/t, -t* = t' + l/t»; 

0 = arg t; 0 < t < */ 2 . 

Ellipses 


z - plane 


region |z| < |k/a|t I 

region | z | > | k/a 1t* 1 J 

annular region t|k/a |<|z|<|k/a| 
annular region t"^|k/«|>|z|>|k/a| 


v - plane 

IV +2k| + |w-2k| > 2^| k | , 

i.e. exterior of an ellipse 
2<l|k | >|w+2k| +1w-2k| >^|k| 9 
i.e. Interior of the same 
ellipse, excluding the segment 
Joining the foci 
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z - plane 


v - plane 


< 

annular region t |k/« |< Iz I < t 1 1 k/o | 

annular region 

t" 1 ! k/o | > |z| >(l/t •) | k/o | 


2<t|k| >|w+2kl + |w-2kl >2l' |k I, 

i.e. annular region bounded by 
two confocal ellipses* 



z - plane 


v - plane 


% 


» e ♦ 

♦ A ♦ 


-k i 
« \ 

v£\* 






-jje'fT /»/1 

m 

/ « 

w 


0 $ .» 




- a 


half-line arg z = d + t 


half-line arg z 


<3 — T 


|w+2k|-|w-2k|= 4|k|eosT| i.e* 
branch of a hyperbola 9 with 
asymptotes arg v = arg k+T. 


7*T7 


half-line arg z = d + t + ic 


half-line arg z 


d — t + ic 


|w+2k|-|w-2k|= -Jf|k|cos? y i.e. the 
other branch of the same hyper¬ 
bola 


half-line arg z 
half-line arg z 


d + |ic 
d - 

2 


line w(£w) = 0, see 8*1 
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z - plane 

v - plane 

half-line arg z = d 

half-line |w| > 2|k|, arg 2 ■ 0, 

k 

counted twice 

half-line arg z « d + it 

half-line |w| >2|k| , arg jj- = n, 
counted twice 

8 Jt Examnles 


(1) w * iz + | f 0, 


♦Fixed points t F^ = 2k = £ ® y/2$ = -Fg* 

z - plane 

w - plane 

exterior of |z|= | \^Tp| 1 

Interior of |z|«| \/§"p| J 

set D, as a whole (see §1) 
set E, as a whole (see gl) 

whole plane, cut from - >/2p to >[2$ 

set D, as a whole, counted twice 

set E, as a whole, counted twice 

(ii) w = z + i 

z 

z - plane 

w - plane 

exterior of |w| ■ ll 

Interior of |v| = 1 1 

whole plane cut from -(1+1) \f2 
to (1+1) v/2" 


o 

az +bz+c *2 

(ill) w - - --; a 4 0; ad - bd + c ■ p 4 0, 

2+Q 

Combination of w * 5 + b - 2ad t z * £ -d, £ = a £ + PA . 
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(iv) 


az 2 +bz+c . ^ 

w = z 2+(i z+ f > a f 0, w « w(z) not reducing to a linear or 
bilinear function; equivalent to 



az 2 +bz+c 

(ad-b)z+(af-c) 




v 


{l>( 1+z) 


+ 2(1 


2(l+z) 


± 1 * 


Combination of w = £-i; z 


2i «. r 

T* - 5 


1) b real, 0 < b < 1 



( - plane 

z - plane 

v - plane 

line » (O - 1 

« 

circle |z| * 1 


curve o a 8 <b o (fig. 1), 

circle | C - | * ^ 

line » (z) =|-1 

D 

■ 

symmetric with respect 
to u = 0; cusp at S for 




b = 1, as in the first 
figure of 8.5> 


2) b = -210, 0 real, 0 < 0 < 1. 


K> - plane 


z - plane 


v - plane 


line >(£) =1 
circle | C - 0 | * 0 


circle Iz I * 1 
line 3 (z) = * 


curve o « 8 « © (fig. 2), 
case 0 ® 1; cusp at s, 
asymptote v = 0. 




Dean 


The diagrams are copied from his paper, with the author's 
permission* 
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z - planck 


v - plane 


1.) Case b « ^ 




2.) Case b = -21 (p - 1) 

s 




az + 


a > 0 9 


b > 0; k ■ >/ab > 0 o 




O 


z - plane 

v - plane 

circle |z | « k/a 

segment -2k < u £ 2k of v = 0, 


counted twice 

circle |z + ^ | *= through o 1 

4 

curve o a S « 0, cusp at 3 , with 

line x « - & | 

asymptote u ® -k 

a J 

i 










z - plane 
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v - plane 


circle |z ♦ d| * * - d f 0< 
circle | z - _|L% ^ 


Interior of |z + d| « & - <a 

a 

■ kd i b 

exterior of | z - ■---■■■ I * r 

k-2ad k 


symmetric aerofoil 8 » ff e j angle 
at S is zero 


exterior of aerofoil 


I z| = k/a 






/V?0 



di) 


s - plane 


4 

circle 3 3D & e i |z+d | = | t-d| 
circle s s>* if* e* t |z- *§S|«|k-ad|fc 

4 

where |d | < |t - d I < I £ + d|, 

ft A 


d not real| s «* |k-ad| 2 - |ad| 2 


v - plane 


nnsymmetric aerofoil 3 a> 7 e y with 
^ 3 = 0 ° 
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z - plane 



line 9? 


(«{- 



a 


* 


touching both cir 
i*e•| at s 

interior of 8 » $ e 
exterior of S ©• e» 


v - plane 


a 


curve with cusp at 8 f with 

asymptote® 9? |v(k - d)j = 

k*(d) - ]£ 

a 


exterior of aerofoil 






e>O t 0 < n < 2 


Combination of = £ and t « ( w+ c f an 

z—c * * Cof * s7.1$ Zct»nx 0 
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z - plane 

w - plane 

exterior of the circle <b touching 

exterior of aerofoil (B 

a at z « -c, point +c lying 


Inside <b 



Other transformations mapping the exterior of a circle on the 
exterior of an aerofoils 


w+nc /z+c \ n 
w-nc \z-c/ 


; 


c > 0, 0 < n < 2, 


For farther transformations! 


cf. 


e 


1# •-*» 


see publications in the list following* 
log part III, §11.12, pp. 131-135. 



of Aerofoils 


Some abbreviations s 


C*B* s 

P. R.S: 

Q. J *M* s 

R. & M*s 


Z.F.M. 


C ompte s Rendus 

Proceedings of the Royal Society 
Quarterly Journal of Mathematics! Oxford 

Reports and Memoranda of the Aeronautical Research Committee 


Z*A*M*M*s Zeitschrlft fdr angewandte Mathematlk und Mechanlk 


Zeltschrlft ftir Mathematlk und Physik 


Bicklev. W. G.s 



The effect of Rotation upon the Lift and Moment of a 
Joukovskl Aerofoil* P*R*S* A 127 (1930) 9 p* 186* 

(1) Methode generale pour le trace des profils d*aviation* 
C.R. 18? (1927), p. 842. 

(2) Sur les profils aerodynamiques de forme generale* 

C.R. 185 (1928), p. 1014. 

(3) Trace general des profils avec dibdre A la polnte* 

C.R, 185 (1928), p. 1189. 

(4) Sur le mouvement general autour d , un contour. 

C.R. 186 (1928), p. 1196. 







A type of aerofoil. Q.J.M. 10 (1939)» p. 136® 

(1) Sur une construction trbs generale des profils d'ailes 
par transformation conforms d'un circle. C.R. 183 (1926), 

P. 1331. 

(2) Construction geometrique de profils d'ailes par repre¬ 
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9. FURTHER _ 

9.1 wP=l-a«{ «>0, p>0, af/1, p / I5 |arg z|^ 1, |argv|£$. 

Critical points: 0 9 1, oo. 


9, t|» real, 


go * 

B 2p 


|w| = R« 


z - plane 


points 0; 1$ oo; 2 1 ^®$ er**®; 

(0 i 9 i §) J 

e 1 * (-§i 9i0){ 

(2 sift 10*) 1 * 0 i( N-* )/2 * 


(2 sin 


Pl+Ll/a o KW>+k)/2« 


w - plan*) w * Re 


ie 


points 

1} 

0} oe>} e±**^} 2 1/ ^} 

(2 sin 

oj)l^ e K«P-*)/2P, 

(2 sin 

°% l, 1/fl e l(«9+*)/2p } 


(0 



(- 

5 < ♦ < 0) 


i*/tt 


a 

z=0 




-iic/o 


217P 


/ 


segment 0 < x < 1, y ® 0 
half-line 1 < x < oo, y 


half-line arg z = it/a 
half-line arg z « -a/a 


segment 1 

> u > 0 9 

half-line 

arg w = a 

half-line 

arg w = -n 

half-line 

1 < u < 00 
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z - plane 

v - plane 

half-line arg z *9 ; 9 fixed , 

part 0 > 0 > <3 -x /( 2 p) of the curve 

0 < *<£ 

RP cos p( 0 -o) a sin 09 9 with 
asymptotes 0 -0 = + axis of 

symmetry 0 « 6 • Compare the 

figure in 9*2 

half-line arg z ■ 9 - 3 

part 0 < 0 <0 + JL of the same 

2 p 

curve 

|z | « 1 , -x/a ^ arg z £ x/a 

curve rP « 2 cos 0 p 9 | 0 |^x/( 2 p) 


When pa 2 f the latter curve Is one half of the lemniscate 


Iv-ll |v+l| = l 


curve 


rectangular hyper¬ 


bola 


9t 


v2 



9*2 Examples 



The transformation is involutory 


z - plane, 9 ? (z) > 0 

v - plane, ft (v) > 0 

points 0; 1; 00 ; +_i; V/1T 

points 1; 0; 00 ; +i 

quadrant x > 0, y > 0 

quadrant u > 0, v < 0 

quadrant x > 0 9 y < 0 

quadrant u > 0, v > 0 

half-line arg z « 9 ; 9 fixed 9 

the part in the fourth quadrant of 

0 < 9 < f 

the rectangular hyperbola 

2 

^ through a , with 


asymptotes arg w = 9 - 3, 9 
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z - plane | 9? (z) > 0 


v - plane, ft (w) > 0 


a>/ 




% 


Wks 




. O' J 


/ y? o 


the part In the first quadrant of 
the same hyperbola 
exterior of the hyperbola 9 bounded 
by u « 0 

half •plane u > 0, out along a jd d 


either of quadrants 


either of quadrants u 


u > 0 f v >ol 
u < 0, y < Oj 

u > 0, v < oj 

tt <0, y >0j 


One-one correspondences can be obtained by considering the above quadrants 
Otherwise each curve is to be counted twice* 










75 


z - plane 


v - plane 


9t(z 2 /z 2 ) = z q 4 0, z 2 / l+e^ i<?>0 

where ? Q s arg z c » i.e. a rect¬ 
angular hyperbola with asymptotes 

i 

arg z ° 9 Q + nnA; n * 1,5 

hyperbola |z+l| - Iz-ll = +2 cos v; 
v fixed; with asymptotes 

arg z = +(v+kit), k * 0,1 

ellipse |z+l| + | z-l| s h, h > 2 

Casslnian | z-z Q 11 z+z Q l = c; z Q ?to, 
c >0 

circle Izl ® >fc, \fc>0 
Casslnian |z-l||z+l| « c, c>0 


afof^Ar^ 2 ) ■ Wq 2 + z| «1+ e^o; 

i.e, a rectangular hyperbola 
with asymptotes 

arg w = 9 o + mcA; n = 1,5 

Note that (w*/z is real 

o o 

lines - 0 

hyperbola | w+11 - | w-11 = +2 sin v, 
with asymptotes 

arg w = +(^-v+kii), k = 0,1 

ellipse | w+11 + I w-11 = h 
Casslnian |w-w 0 l|w+w 0 | =c; w^=l-z 2 

Casslnian |w-l| I w+11 = c 
circle I w I = \fcT 



Upper half-plane, cut from z = 0 to z = i, on upper half-plane. 
Critical points: z = 0, z« oo, z = i. 


z - plane 


w - plane 


point z = 0 

points z = oo; i 


points w = 0, w = oo 
points w * -1; 1 
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z - plane 


w - plane 


II 


si I*" 


e a 


y = o 

3c ■■■ e a 


II \ 

v « 0 \l 


half-line y = 0 9 oo > x > 0 
line-segment x = 0+, 0<y < l y 

i.e. a K if 

line-segment x = 0- f 1 > y > 0 f 
i.e* jso 

half-line y = 0 f 0 > x > -oo 
half-llne x = 0, 1 y £ co 


half-line v ■ 0 f -1 > u > -oo 
half-llne v = 0, oo > u > 1 


line-segment v s 0 9 l>u>0 


line-segment v = 0 9 0>u>-l 
semicircle | w | ® 1 9 v > 0 



z - plane 


v = plane 


»o 
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fr 



l] 

0 \ Vw-1/ 


see |7 o 2 9 with a = 2n 0 






• (cfo 8.1 f first figure) 


*2 


z-1 

z+1 


1+w 2 


critical points: 


1 , - 1 , 00 * 


The transformation is a combination of 


w « and z « 1(5 + lA)l or of 

w = i £-1 and -1/z ® + 1/X). 


z - plane 


v - plane 



I 


points 1; -1; 0; i; -1; oo 
segment -1 < x < 1 9 y « 0 
semi-circle |z | « 1, y > 0 
semi-circle |z |« 1, y < 0 
slit 1 < x < oo , y = 0 


3D 



points 0; oo; i; e i1c '* |, | e^^'^ 1 ’; 1 
half-line oo >v > 0, u ■ 0 
half-line arg w *= a A 
half-line arg w = 3*A 
segment 0<u<l 9 v = 0 
segment 0 > u > -1, v « 0 
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c*f* §6«1« 


w » >Tz, 



v * 


(z-ajHz-ag)** 

(l4^z)(l4^z) 


(g-%) 

(1-a^z) 


(i) |ftj 1^1 (j 8 l>2f ...,n) 

Interior of circle |z | « 1 on |v | < 1, counted n times* 


(ii) l&j | > 1 Cj = l,2 f ... f n)* 


Region |z| > 1 on |w| < 1, counted n times* 
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(1) Finite slits| starting from the origin 


^ ,cos V* 
w * tan(———) • 

4 


( w ^ - 6 W 2 + 1)*^(1 + v *)" 1 


Set b * tan | « VT - 1. 


z - plane 


v - plane 



w = tan(l cos" 1 z^) y 


n a positive integer; 


|cos(n tan" 1 w)J 2 ^ n f algebraic function. 


There are n equal and equally spaced slits. 

Critical points t z = 0; oo; = i f 2 f 


n) 


z - plane 


w - plane 


_ (2k-l)z , 

tan " 2 n * ] 


1 . 2 , 


.. n 


z = e " 2 * kl / n ; k » l y 2 t ..., n 


tan 


kic 


plane with n slits t arg z 

0 <lzI £ 1 




half-plane v > 0 


9 
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1 


(ii) 


Infinite slits, starting from points of the unit circle, along 
arg z * |z I 2 lj k = 0, 1, 2, n-1 (n positive 
Integer) • 



z - plane 

v - plane 

points © 2k **/ n ; oo 

points tan tan SfetA % 

» 2n 

V ^* i/h 

^V+*l/n 

7=0 

- e -2*i/n+2*i 


V 

cut plane 

half-plane v > 0 


Rounded comer; w ■ (z+l) a + (z-l)° 


1 < o <2. 


z - plane 


v - plane 


II 


a 


z»-l 

—I— 


6 


4 8 " 1 

|z«0 


cot 


ft 




♦ 


- a 


3D 


e 


<R 



a 


g Unicoi lwl> 2 
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z - plane 

v - plane 

line-segment y = 0, -1 < x < 1 

part -2® cos ic (o-l) < u < 2°, 


-2® sin ic(«-l) < v < O f i.e. part 
s> e <B | of (v cos «o - u sin *o) 1/f ® 

+ (-v) 1/o = 2(-sin ico) 1/o , for 


a s curve Is asteroid 

u 2 ^ + («v) 2 ^ ® 2 
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R a of a region with respect to a 


finite point z = a Inside it. 



R 1 ** 

oo° 


Interior of |z | * r; |a| <r 
Exterior of |z| * r$ |a|>r 

Angular region 0 < arg z < 0 Q 
(0 < 0 O £ 2x| 0<arg a < 0 O ) 

Line-segment of length t 

Exterior of + 2Z a l 

Half-plane y > 0; s(a) > 0 

Infinite strip of width D; 
d « smallest distance of 
point a from boundary* 


1*1“ 1 



a x > 1 
&2 > 1 
1 


"®2 



i*i “i 


0<bj< 1 
0 < 1^<1 




_«a 


p - I a| 2 /r 

|a| 2 /p - p 
2|a|0 o aapg a 

——a S in__ 


2 3 (a) 

TT sln IT 


R* 

oo 


* 


2±£ 

2 


(aj+a2)(l+a^ag) 


*»1*2 


Interior of circle y except 
slits$ a = 0 




Cbj+bgHl+l^bg) 


* Details and examples* see Polya-Ssegff, Part IV, Chaptep 2 









Plane, cut along y = 0 from 



x» Jto x » oo) -oo < a < ^ 

1 - 4a 


The two line-segments y = 0, 



-a£ x £ a; and x « 0 f 

-P <y s P [a > o, p > o] 


Jc 2 ^ 2 ) 172 
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PART THREE 




10 . 



10.1 


e* 


Z « log W 


Critical points: for w ■ e z : only z = oo; for z = log w: w = 0,oo 0 

p, q, c 9 R y 6 real, R > 0; k * 0 9 +l 9 +2, 


z - plane 


v - plane 


line-segment x * p, c < y< c + 2n 
lines y = 2kxj y = (2ktl)it 


(-oo<x<oo) 




q + 2kx, -oo<x <oo 


circle | w | 


= e J 


half-lines v *= 0 9 0< u < oo; v = 
0 > u > -oo 

half-line arg w « q, 0 < |v| < oo 




yg(2k+2)n 


VIII 

IV 

? 

y=(2k+3/2)it 

VII 

Ill 

<B 


VI 

II 

e____ 

y= (2k+l/2 )tt 

V 

I 

y=2k* 


- s 




4 


Infinite strip 2k* <y < 2(kf l)x 


plane, cut along positive real 


infinite strip (2k-l)x < y < (2k+l)x 


infinite strip c<y<c + 2* 


plane, cut along negative real 
axis 

plane, cut along half-line 
arg vac 













86 


z - plane 


W ot plans 


curve 


4 


cos(y-c) = pe~ x ; 


log|p|$x<®, 

(2k-J)*<y-c <(2kf^)lt p>0 

for 

(2k+^)ft < y-o < (2k+i)* p < 0 

(asymptotes y ** c+(2k^)n 
[p >o], or 

y = e+(2k+ljh^)x [p<0]). 


line x + my 


(m $0) 


rectangular region bounded by 

7 - x = Pi»P2 

(0<q 2 - *j< 2 *> 


the 


TfTVnT; 


rectangle, bat with 


*2-*l 


2r 





For the diagram of cos y 


pe" x see p. 105. Take there a*2 f b=l, c=2p > 0. 
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b = 1/a. 


Critical point for w * A + e az t z ■ oo • 

Critical points for z - b log(w-A): w = A y oo. 


p y q real; k = 0,+l,+2 f ... 



- plane 


line 3(az) = q + 2k« 
line-segment ffi(az) = p f 
q < 3 (az) < q + 2n 
infinite strip q^< 3 (az) < q 2f 

where 0 < q 2 - q^ < 2ic 
infinite strip q < 3(az)<q+2n 
rectangular region bounded by 
3(az) « q lf 3(az) ■ q 2t 
ffi(az) « 9t(az) a p£ f 

where 0 < q 2 -q^ * 2*t P 2 > Pi 


w - plane 

half-line arg(w-A) = q 
circle I w-A I *= eP 

angular region q^ < arg(w-A)< q 2 

plane cut along arg (w-A) = q 
part, bounded by arg (w-A) = q^,q 2> 
of annular region bounded by 
I w-A I « 
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10.2 



; 



Critical pointst z = + 4^,+ •••) z = oo. 



k = Qi+li+2, o*« $ 9 real and arbitrarily chosen 


z - plane 


v - plane 
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z - plane 

w - plane 

points z = i9 +kxi) kxi; (k+^)iti 

w 0 i tan 9; 0; 00 

line segment x ® 0 9 9 < y < 9 +* 

line u « 0 9 -00 < v < cd ; point 

v = +00 corresponding to 
y^^ ■ O^+^Jic (k^ integer) 

line y ■ kic 9 -00 < x < 00 

line segment v ® 0 9 -1 < u < 1 

line y « (k+^0x 9 -00 < z <00 

line v ■ 0 9 excluding the segment 

-1 < u < 1; u ® 00 corresponding 

to x ■ 0 


Set of co ftxftl ci rcles f pa ssing th rough v « -1 and v « 1 «> 


z - plane 


lines y = (k + ^)n; y ® (k + ^)ic 


y= n/2 


K 

K 


K 


K 


y= 9 

*■ 7111 “ 

e« — 

— 8 “TV— 

y =0 

VII 

u) 

1 

1 ? 

III 

y*9-ic/z 

VI 

a\ 

11 

jb.IC /2 

V 

1 _ 

I 


3 

3 


3 

3 


3 



line y ■ 9 ♦ kic; 29 A not an 
Integer y 9 constant 



v - plane 


semi-circle |w | « 1 9 v > 0, or 
|w| = 1, v < 0, respectively 


e» 

|w ■ i tan 9 



<? 


arc (-1, i tan 9 9 1) of circle 
|w + i cot 29 | « | cosec 29I 












z - plane 


v - plane 


arc (-l y -1 cot 9, 1) of the 



z - plane 


v - plane 



circle | v - coth 2p | « | slnh 2p| 


e» 


VII 


o 


III 


VIII 




VI 


g / 

[ZFP^] I 


e* 

e 


[x=P2 ] 


exterior of the two circles 9 with 
two slits 


VII 


III 


VIII 


VI 




ii/ 


[*T > 2 


exterior of the two circles y with 
slit 
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z - plane 



here 9 4 kn/2 

rectangle (I + III + V + VII) 


v - plane 



exterior of the two smaller circles 
with slit along arc of 
I w + 1 cot 2p | » | cosec 291. 


10*3 

( 1 ) 

( 2 ) 


Functions related to w = g. 


w = coth z 


tanh (z + Ik/2); 


w a tan z 


-1 tanh lz; 



In all the figures of § 10 * 2 , both the z-plane and the w-plane 
are turned through x/2 about the origin. For the lines u ■ p and v = q, 
see B. Jahnke and F. Emde, page 71 of appendix, figure 30 . For the lines 
R = constant and 0 ■ constant, where tan z = Re*** (i.e., log tan z *= 

log R + 10 ) | see gll. 7 * 


(3) w 3 cot z 


1 tanh (iz + i*/2)j z = cot" 1 w « £ log 
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Region exterior to two non-intersecting circles; cut 


region* 


-2 cot“* (z/c)« 


z - plane 


w - plane 


a “ lo 6 a^c > P ® lo 8 J>dc > 0 


the circles have y = 0 as radical 
axis 





M 
1 *'* •% 




9*9 


fill 


8*116 


X-ib 


|z+ib | 





if-x 


if 


v « * 
,< • •• 
?•••. 


1P+* 


«• 



v»0 


+x 


cut region exterior to | z-la | 


and |z+ib| 


r 0 . 


Interior of rectangle with vertices 
io +x , -ip + x. 


annular region between I z-la I = r^ 
and Iz-ib I = r 2> cut along x « 0 t 
a-^ < y i b-r 2> i.e. f o 9 (a^bX 


Interior of rectangle with vertices 
io + n f ip + x D 
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; Aac 4 O y ad-bc 4 0 ; 



where a » A 


- A-l 


a* * -d f d* = —a 


Combination of w = 2 A£ + A (log & + ni). 

c 


z = - 


ad+bc + ^ 5 « tanh £ 

2ac 2ac 


y not an integer; z = -b + tan"* 

where a = sln(b-a) y p = cos(b-a). 

Critical points: z * (k + A)ni - b; oo [k = 0 , +1, ... ]. 

This is a combination of: w * a( + p, £ = z + b y and £ = tan C. 


cos(z+a) 

cos(z+b) 


z - plane 

w - plane 

points z = - + t*- 

points w = 1; 

z ■ -a + (k + j^)n; -b + (k + 3 »)n 

0; oo 

strip kic - »(b) < x < (k + i)ic 

half-plane 9 ? (&=£) > 0 

Q 

- S(b) 


strip (k - i)ic - 9 ?(b) < x < kit 

half-plane » (^7^) < 0 

Q 

- »(b) 



. _ sin(z + a) cos(z + a 1 ) 
w = — ■ ■ ■ .I ■ ■■■ — s . . — ■ ■■ ■ 

sin(z + b) cos(z + b*) 


where a 1 




Or w = p + a tan (z + b 
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10 A 


w =V(1 + e*) 


» 



log(w + l)(w - 1) 


cf. §11 *2o 


Critical pointst z = (2k + l)xl; oo* 

k ■■ Oj t^l , t2, • • • 


z - plane 

v - plane 

point z q + 2kxl 

points +Vd + e z °) 


0 ^ 7 i 2 x v > 0 


strip 0 < y < 2 n, cut along y = %, 

x < 0 

- - *e - 

half-plane v > 0 

7] 

1 

11 ! 1 

I 

1 

K « |C H 

2ici ^ y=2it 

«-£. , 

» ^ yaic * 

0 1 

8 7=0 

-V? -10 1 lf 2 v=0 

lines y = 0 or y = 2it, respectively, 

half-line v = 0, 1 < u < 00 or 

(-00 < X < 00 ) 

-1 > u > -00 

half-line y=x, 0 > x > -oo 

J segment v=0, 0<u<l 


I segment v = 0, 0 > u > -1 

half-line y = x, 0 < x < oo 

half-line u = 0, 0 £ v < 00 

line-segment x ® p, 0 <y< 2x$ 

part v > 0 of Casslnlan 

p > 0 

|v+l||w-l | = ©P 

line-segment x * p, 0 < y < x $ 

part u > 0, ▼ > 0 of |vfl| |v—1 1 = e p 

P £ 0 







95 


z - plane 

line-segment x « p f % < y < 2x; 

p < 0 

line y = q 9 -oo < x < oo; q /it 
0 < q < 2n 

line y « q 9 0 < q < x 
line y * q f x < q < 2x 


v - plane 

part u < 0 f v > 0 of the same 
Casslnlan 

part of rectangular hyperbola 

»|n 2 /(l-e 21q )J = 1/2 

part u > 0, v > 0 of this hyperbola 
part u < 0 9 v > 0 of this hyperbola 


w » c + ^(d+e®*) (« 4 0 ; c f d real, d > 0 ); | z = A log(w-a)(w-b) | 

(a, b real) 9 where a ■ c Wd 9 b « c + Vd 9 A = 1/a* Combination of 

V. Y + Y? and ! » It ♦ 2i log and H - logU +1)U -D. 


10.5 | v » sln~g] | z = sin -1 w ® -1 log | lw + V(l-w^)| . 

Critical points: z *= oo y z « ( 2 k + 1 / 2 )x* 
k = 0 9 +JL 9 + 2 9 p, q real* 


z - plane 

w - plane 

points s = kx; (k + i)xj 

points w ■ 0; (-l) k ; (-l) k /2 $ 

(k + | i l)xj (k + + i)x 

(-l) k V 3/2 

line x » kx 9 -oo < y < oo 

-oo < v < co even 

line u s 0 9 for k. 

w 

half-line x (k ♦ |)n , 0 £ y < ool 

oo > ▼ > -oo odd 

1 < U < CO 

half-line x » (k + i)x 9 0 > y>oo| 

half-line v = 0 f with 

-1 > u > -00 

even 

* J 

strip 2kx < x < (2k + j£)x 1 

strip (2k + j)x < x < (2k + l)xj 

If k is 

odd 

half-plane u > 0 9 cut along © a 
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W • plawa 


z - plana 



<f S ac S k 


strip (2k + l)x < x < (2k + x 
strip (2k + ^)x < x < (2k + 2)x 

line-segment y « q (q ¥ 0) f 
2 kx£ x < (2k ♦ 2) x 

interior of rectangle z = +x f 
+ x+ iq (q > 0) 

line x « p + 2kx (2p/x not an 
integer) 





ellipse |v+l| + |w—1| 8 2 cosh q 


interior of this ellipse 9 except for 
slit from -1 to 1 and for slit 
along negative part of u « 0 

branch |w+l| - | v-l| » 2 sin p of 
hyperbola 




z - plane 



(p« a ic-p| 0<p<*/2| In the 
flgure 9 p ® ^A) 


Interior of rectangle bounded by 

“ Pi.Ife. r “ 4 1( ^t **»«« 
q^q 2 > 0 and 9 for some k 9 

kic < p^ < pg < (k + 1) * or 

(k - |)*< p^ < p 2 <k* 



(In the figure, O <p.< p 2 < n / 2 t 
4 2 > 4 1 > 0 ) 




9 
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For the curves In the z-plane which are napped on R 3 constant or 
6 = constant (v = Re*® f i.e., log sin z » log R + 10 ) t see § 11 . 6 . 


Lines u = p; v = q. (p, q real) 


z - plane 


v - plane 



The curves are reprinted from 
Jahnke-Emde, fig. 27 . 
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z - plane 

v - plane 

curve sin x = p^/cosh y 

line u = p^j 0 < p^ < 1 

(sin^p^ > x > 0 f -oo < y < co) 


sin x = 1/cosh y (in > x > 0, 

line u = 1 

-oo < y < co) 


sin x = Pg/cosh y 

lino n * p 2 ) p 2 > 1, 

(cosh -1 P£ £ | y| < oo f > x > 0) 

* 


10.6 Functions related to sin z. 


w = slnh g | 9 z « slnh* 1 w « log |w + + *)}• 

Combination of C B iz 9 iw and K a slnC ; In all the figures of 
§10 .both planes are turned through an angle of */2. 



cos z 


sln(z + z 



1 

1 



w + 1 



cosh z 


slnCiz + |*){ z 


cosh** w 


logjw + ^(v^-l)j 


a 2 log 


V(w»l) + aAw-1) 
V2 



J a ✓ b f 


£££ -i- cosh 2z 
2 2 


z - plane (-*/2 < y < 0) 

v - plane 

points z = 0; -i*/2j oo 

points w * a; b; oo 

semi-strip 0 < x < oo t -*/2 < y < 0 

half-plane y bounded by the line 
through a and b 

semi-strip 0 >x> -oo 9 - V2 < y < 0 

the other half-plane 9 bounded by 
this line. 
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v 8 see z 



1 , 1 + Vd-w 2 ) 

1 log — 


Crltieal points s z 


kit; (k + l)n; oo. 





z - plane 


v - plane 


line segment y = q, 0 < x < n 


line segment y = -q, ic > x > 0 


part 0 < 0 < ic of 


2 R 2 


cosh 2q - cos 20 
slnh 2 2q 


part ic < 0 < 2ic of this curve 


sec 2 z 


cos^d/Vw) 


Or w = - , cf• p. 102 

1 + cos 2z 


Critical polntss as at v = sec z. 


z - plane 


v - plane 






z = log 


1 +Vw 

V(l-v) 
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v s ... 5 a real, a ?*+l; z = cos^a - 1/w). 

a - cos z 7 1 


Critical points: z - +cos -1 a + 2 kn$ kic; oo [k =0 


(i) a > 1. 


z. a i( , where cosh € 
o o 9 


a, t > 0. 


z - plane w - plane 



(i) 1 a< - 1 . -w = - ■ - - - ■ ■ ■ f Where | a I > 1 ; similar to (i)« 

|a| - cos(z + it) 


(ii) -1 < a < 1. 


z - plane 


w - plane 
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10.8 



tanh z 
z 


Critical polntss z = oo 9 and the solutions of slnh 2 z = 2 z t namely 


* = 0} 1 . 3#*3 + 3.7W81, 1.6761 + 6.951} 1 . 858 ^- + 10.121} 
1.9918 + 13 . 2771 , etc., etc. 


k- 1 , 2 , 3 


; a real* 


z - plane 


v - plane 


points z = 0; +1; ai + co; +iV2 


line-segment z 
line-segment z 


* 0, kx< y < (k+1) 

■ 0» (k + £)* < 

< (k + 1)* 


line-segment 

line-segment 


:/2 | 

V2j 


points w « 1; tanh 1; 0; oo 

half-line 0 < u < oo 9 v = 
half-line -oo < u < 0 9 v 


half-line 1 < u < oo 9 v 


e 


x> 


z = 0 a 


SD 


<B 


e 



e 


sf* 



(B 


W=1 


3D* 


strip 0 < y < g 9 -oo < z < oo 


the same region as above 9 but cut 
from v ■ 0 to w « 1 only* 

v 

asymptote of the above curvet u«-i 
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Critical pointst z ■ oo, and the solutions of slnh 2s = -2z, namely 

s*0) 1.129* ± 2.10621) 1.5516 + 5.35631) 1. 7755 ± 8.53671) 

1.92 1 11.69921) etc. 
k s 0, JL| 2| 3y • ••$ a rsftl# 


z - plane 


v - plane 


points * w = oo; eoth 1; 0; 0 
half-line -oo < u £ 0 f v = 0 



For details concerning w = z“^ tanh z and v = z“* coth z 9 see A.M.P 
Note 18 of the Applied Mathematics Panel y NDRC, "Tables for solutions of 
the wave equation for rectangular and circular boundaries having finite 
Impedance n | by A* R. Lowan, P. M. Morse, H. Feshbach and B. HourvltZo 
The values for the solutions of slnh 2z = +2z are taken from this report* 
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11. COMPOSITE FUNCTIONS, 


11.1 


w = e az - ce^ z I ; a, b, c real, a > b > 0, c>0 


log be - log a + 2k*i 

Critical points t z = oo; ■ ■ a „ ^ k = O f +1, +2, 


- plane, -Va < y < */a 



v - plane 


w»w 


II 


v»0 


-ic/a 


point 


log (bc/a) 


a - 


point v, 


a-b/bc\^ a “ b ^ 


half-line z<x<oo, y = 0 


half-line w _ < u < oo, v = 0 


curve 2i2L*£ - ce (b - a)2 
sin by 


(i.e.a® e sd s ), -n/a<y<«/a, 

with asymptotes y * +*/aj if 
a=2b=c=2, cos y * e“ x 


half-line -oo< u < v 0 ; counted 
twice 
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Examples |w = log (jz - 1) y z « (e w + l) 2 . 


Combination of z = C + 1, w = C + lx, and K = e 2 ^ - 2e**» 

Critical points: z = 0} 1; oo • 

k ■ 0 f +1, + 2, ... 


z - plane 

w - plane 

point z Q = (e w ° + l) 2 


points w Q + 2kni} 



log (2+e w °) + (2k+l)wl 

plane t cut along y = 0 f 0 < x < oo 


strip 2kx < v < (2k+l)x 

plane, cut along y = 0, 0 > x> -oo 


interior of part | (2k+l)x - v 1 



of K. 

half-plane y > 0 


upper half of Interior of any 



part of E 


part cos v > -e~ u of strip 



2k* < v < (2k+l)* 


K is the curve cos v = -e~ u ; consisting of an infinity of parts 
(2k + |)n <v < (2k + |)* t 0 < u < oo f symmetric with respect to 

▼ = (2k + l)x # I 


points w = i*} jlog 2 + 3jt2L. 

TjS ^-5 0$ 1°S 3 + i*} oo} 
log 2 + ix* 


points z = 0; 21} -1} (»/2+l)(l+i)j 
(V2-l)(i-l)} 4 (point *)} 4( (B >5 

1(8 )} 1(e) 
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z - plane 


w - plane 




w»0 ( * )} JLq^ iq g 5 in ( © ) 


part 0 < v of limacon [with segment of line u = p (p real), 

pole 2 ^ 8 1 - e 2 P] z - z^ 0 — v 5L * • 

■ 2eP** v (l + eP cos v) [cardioid 
for p = 0] 

part, bounded by 8 (z » 1), of line v = q, 0 <q < x • 

parabola 3t (ze" 2 ^) + 2 sin 2 q 
= | z | (with focus z = 0, vertex 
z = -(sin 2 q)e 2iq ) 

; | real, § > 1; op 4 0. 

Combination of w « oe a ^C , z = e~* ar * a t+ , and K = *^ a ^- e^** 
where X « log(- ^)/(a-b). 
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11.2 


w = log(z° -1) 


a >1; 


w . , \ 1' a 


(e w + 1) L For a » 2 cf. giojf 


2 kitl/a 


Critical points: z = 0; oo; e 


0|+1| s Oj+lj 


p y q real 


z - plane 


v - plane 


point z = z Q e 


21r*i/a 


point v = + 2 ini 


0 < arg z < 2*/« 


0 < v < 2 z 


points 0; 1$ 6^^°; \ 2^°; 

2 lXi e 2in/ 0( g , 
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Lines parallel to axes of w - plane; t is an Integer n 



In this figure, a = n = 4. 



- plane; z * re 


19 


«oLj/r 

11 


*wKY \ '$>/ 

rh /N<L \ 

2/ ir.V^« 

e b’ o x jo K 




I 1 



i 

*a. 

H 

A 

O 


w - plane 



III 


v=qo>x 


IV 


in 


IV* 


II 

s. 

*14. 


•a 
m . 

A 

o 


v=q^< ic 


III* 


I* 


w=0 


v®0 


part, lying in the interior of 
angle 0 < arg z < 5, of 
generalised Casslnian 
I z® - 11 = e p 


line segment u = p, 0 < v < * 


1C oir 

part, lying in angle - < arg z < =- 

n n 


line segment u s p, ic<v<2ic 


part 0 < 9 < jl of generalised 


hyperbola r 11 


sin q 
slnCq-n?) 


line y = q (0<q<ic) 


part < <$, <SJofr n = 


sin q 


n x x n sin(q-n 9 


line v = q (ic < q< 2ic) 


For the generalised Casslnians and hyperbolae, see §6.2. 

Plr^irl / y \ 

The latter curves pass through z^ = e ' (k ■ 0, 1, .n). 
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Combination of z ■ 



w ■ K + log(-a), and £ 





z - plane 


w - plane 


sector area 0 <arg z < |z| <1 strip 2k* > v > (2k-l)* 

sector area 5 < arg z <~,|z| <1 strip (2k-l)a >v > (2k-2)a. 

region 0 < arg z < ^ I z I >1 strip 2k* < ▼ < (2k + A)*. 


w=0 y=0 



sector area 0 < arg z < Izl <1$ strip 2k* > v >(2k-h)ic f with 
(h b 1, 2, 3, h-1 slits 

points z 0 e 2tei ^ $ z^e 2 * 1 **^ points w Q + 2knl; + 2kici. 

(h * 0, +1, ...) 


___Ml 

z - plane, 0 < arg z < 2*/y I w - plane, 0 > v > -2rc 


points e i1c /^Y)j 0 2iV(3Y). e i1c / Y j points -log 2; -log 2 - In; 

e ^i*/(3Y)j 0 5i*/(3Y)j -log 2 - in; -log 2; -log 2 - £5; 







z - plane 


a+V2^ 


ii 


Z«-l 


v&O 


y»0 




z --1 


e II 

Zali 

6 


points z « 1; 1(1 + V2) (i.e., e) 
-1 

are a> e «of circle Iz-il =V2 


half-line x 


1 < y < co 


line-segment x « 0 f -1 < y < 0 


- plane, 0 < v _< it 
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Example (11) 


v = log ^ log z 



(i«o«9 h a 2Y 8 !)• 


z - plane 




plane, 0 < v <n 


<5 (B 

4—H- 

w=irc 

II 


7=11 

— a 


V =*/2 


a 




s 3) 

6 - 1 log 2 i=0 


— fl 

v=0 
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11.4 


az («-l)z 
e - e i; 


0 < o < 1 


Cf. §6.2, p. 46 


Critical points: z = gd 5 log + (2k+l)ni 


(k 


0, ±lt 




o '•(l-o) 


a-1 



z - plane; - *£ y i * 
half-line y = *, log ij5 < x < 00 

n n 

half-line y = *, log > x > -00 

half-line y log < x < 00 

half-line y =-*, log > x >-00 

line y = 0, -00 < x <00 

points z * 0; log + in; 
log A=S - i* 



v - plane 

line segment arg w = an, |vl<oo 

line segment arg w = -an,^| w |<oo 

line v = 0, -00 <u < 00 

points w = 0; -ie* 110 ; 

Je-iiw 
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Curves In the v - plane , corresponding to the lines x = p, or y * q, 
respectively; p^ < 0 < P 2 ; 0 < < ic. 


v - plane 



Reprinted by permission from "On two-dimensional fluid motion 
through spouts composed of two plane walls" by R. A. Harris, 
Annals of Math., 2 nd series, vol. II, p. 73 etc., Princeton 
University Press. Details are given In that article. 


f f 

; — real, * < 0; ab 4 0. 

g » g 

Combination of 

v=ae- fc 5 , .--SL-c, 

where c = lo ?/ . ~ b ^ a) ; a. ■ f , 0 < o < 1. 

g - f f - g 




116 



Critical points: 2 = 00 ; (2k+l)*i 


k = 0, +1| +2| •• 


z - plane 


line x = p 


line y = q 

line y = 2kn 
line y * (2k+l)x 


25 88 z o$ z 0 + 2k * i 


s 



z*(2k-l)iti 


strip (2k-l)it < y < 2kx 


strip (2k-l)it < y < (2k+l)« 


9 


p f q real 


v - plane 


curve 


cos ” + 

eP 


curve u = 


line 


+ {o 2 P - (U-P) 2 } 1 ^ 


log \" ■ A + (v-q)cot q 
sin q 

2k ic 


half-line v * (2k+l)it, -00 <u <. -3, 
counted twice 


w Q = w (ar ): + 2kici 





k-1) 




half-plane y < 2kn, slit along 
-00 < u < -1, v = (2k-l)* 

whole plane slit along -00 < u < -1, 
v = (2k-l)ic and v = (2k+l)it* 
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lane correspondin 


to x 




v=0 
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Critical points: z = 005 k */2 (k = 0, +1, + 2 t ...)• 


z - plane I v - plane 
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z - plane 

v - plane 

semi-infinite strip -mic < x < nic 

strip (m + j)* >v >(-n + i)ic, 

(m, n non-negative Integers), 

with m + n slits 

y > 0 



Curves In the z - plane mapped on lines parallel to the axes of the 

v - plane. 


z - plane 



Reprinted by permission from the THEORY OF FUNCTIONS AS APPLIED TO 

ENGINEERING PR 06 ' MS by R. Rothe, F. Ollendorff and K. Pohlhausen, 

published by the Technology Press of the Massachusetts Institute of 
Technology. 

The essential curves of fig. 4>3 are copied in this diagram. 


q, s real constants; -00 < <0 < q 2 <00; n> s^ > s 2 S3 >8^ >0> 


s 


5 > s 6 > " §* > s 7 > s 8 > “ * 


On the curves u = constant, ic> v >^ic in II, ^ic> v >0 in III, 

0 > v > - jitin IV, - jjr* > v > - x In V. 
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On the curves v *= constant, -oo < 

z - plane 

part of cosh 2y - cos 2x = 2e^ 
part of tanh y = tan s tan x 


11.7 



Critical points s z = oo; k it i 


z - plane 


<B 

e 

© 

6 

(F 


*i k y=xi 



points z ■ kid; log(l +V2); 



u <00 



coth the transformation is involutory 

Ck = 0, +lj •••)• 


v - plane 
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points z - £ - | log (^/2" +1)} points w = - 2 i + 2kn±; 

£ + | l0 8 +1). 2 1 + 2k*l. 
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Curves corresponding to lines parallel to the axes of the 

v - plane 


z - plane 



Acknowledgment : As in § 11 . 6 , The essential curves of fig. 44 
in Rothe-Ollendorff-Pohlhausen are copied in this diagram. 

q, s are real constants; -oo < < q g < q^ < 0 < q^ < 

-co < q g < q^ < q 6 < 0 f 
0 < 3 X < s 2 < ^ * <s^ < s^ < *. 

On the curves u = constant, 0 < v ^ A ic in the half-strip ® a g e ® 9 

lx<v<itin (Bes S® 

2 — “ 

On the curves v = constant, -oo < u < oo • 



O 
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Critical points: z = loci; - p + kid; oo (k = 0, +1, +2, ...). 


z - plane (- g < y < g-) 


w - plane (- v ^ ic) 


points z - - | + ^r 5 - P + tt* ±TT$ 


- 


+ V^- 


- i£* 

Tp 


2 


1 sin- 1 1; 

2 a’ 


- £ + i sin -1 - 


points w ■ 0; -log cosh p; 

log cosh p; +i*5 

-i sin" 1 i; i sin" 1 

a a * 

is. is 
2 » " 2 


w=iit v== rc 





9 
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Curves In the z-plane which correspond to lines u = P t 

and v « Q» 


z - plane 



e 

Acknowledgement > As In §ll a 6* Essential curves of fig# 46 In 
Rothe-Ollendorff-Pohlhausen are copied In this diagram* 
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Ql > 0, Q 2 <0$ 0 > > Pg > -p > P^. Only the part u < 0 of the 

curves [ v = Q ] is shown. 


, a+ b ad . m ad 
W = iog 2__-S 5 2SL peal, 1 < f£ < 00 . 

ce z + d dc dc 


Combination 


of w = P + log | + t , C = | - | log (- |), and 

K « log sln ; ff+P? , vh«re p ■ \ log Si. 

slnh r ^ be 


be 


11.9 


w * tan 2 (§Vz) t 


and I Z= cos (a Vz) 


a >, 0. 


Critical points: z = co j 

w = 14» t= fca, 


'k*/a) 2 


c = & * 


(k = 0, +1, +2, 


). 


L or of parabola on that of circle or on half-plane, 


z - plane 


z=0; c; 21c; -2ic 


w- plane 


5 - plane 


1+1 slrih^ — _ _ . . « . 

*«>l 15 1-1 atohi^ * W l ; W 1 5=15 ° 5 _i 8lnh ¥ i8tah 


8 41 slnh ~ ic 


y»0 


z« 

<B 


ic 


II 


-2ic 



ill 


half-line y=0, c£x>-oo 

Interior of parabola 
y^ « 4c(c-x) [focus 
zbO, vertex z«c] 


line-segment v»0, I>u>-1 


half-line 3(0*0, O^Coo 


Interior of circle |w|*l half-plane 9 f(O> 0 . 






v = sin (a >|z) | 9 a > Oo Critical points: z = 0 f oo, (2gl*) 2 . 


z - plane 


w - plane 



) ; 21c f -21c 



0 to 
parabola 


points w ■ 0; +1$ +1; cosh V 2 ; 

+ cosh */2 


II 


<*• 



-eosha/2 -1 w=0 


half-plane v > 0 
half-plane v < 0 


coshV 2 


11.10 


ai 


, a > 0; z = w 


-bi 


(b = 1/a). 


Critical points: z = 0 . oo. 


r Q = e 2bic t R 0 = e" 2aic $ z * re 1 *, w = Re 1 ® 


k = 0, +1 9 +2| ...} 


0 , + 1 , + 2 , ... 


z - plane 


v - plane 




z - plane 
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v - plane 


act-- 


w=0 gVo 


circle | z | « c, 0 ^9 < 2ic 

* 0 ) 

line-segment arg z = 

1 < | z | < r„ ($ fixed, 


0 < 2n) 


points 


ix 


(l.e. <f) j fft ( ® )| 


r 0 e te ( « ); e***jT 0 ( O; 

Vp (rc ); e 2i Vr o ( ® ) 


line-segment arg w ■ a log c y 

1 > I w I > B 0 

circle | w | = e" a ^ f 0 < 0 < 2n 


points VR 0 ; e 2i *; 

e 21«VRn; e^VR, 


'— V -*o > ' 

,**; R 0 e i,c 


o» 


10 


z=r 


II 


w|=e 


r -aO 

e= " e *0 
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z - plane 


sector 0 < arg z < O of ring 
1< | z|< r 0 (* < 2*) 

sector 0 < arg z < G of ring 
c^< |z |<c 2 ($ < 2ic y 

1 < C X < Cg < r 0 ) 


v - plane 

ring 1 >| w | > e"®^, cut along 
positive real axis 

sector a log c^ < arg v < a log C2 
of ring l>|w|>e“ ft ^. 






a >0, 


Critical polntss z = -1; 1 ; 00• 


°t l 1 * ± 2 » ••• ; 0, +1* +2, 


z - plane 


points z 


. h A A 

coth —-; tanh -j— 


area of curvilinear quadrilateral y 

bounded by two arcs of |z | =1 
and by any two neighbouring 

"circles" of the set y belonging 


to a coaxal set 


*v I 


z-eoth 


2* 2 k 



slnh 


for k 


13 


a 


(k = 0 y ^l y ••• y 
taking the line x = 0) y with 
limiting points z = +1. 


w - plane 


points w = e 

. a 


(2-Ul)aj ,2a* 


ring e S’ + 2 *' a <|w |<e* + 2 ^ y 
cut along positive real axis 


8ee figures on next page 


line-segment -1 £ y < 0, x = 0 
line-segment 0 £y£l y x = 0 
semi-circle I z | » l y 0 arg z < ic 


line-segment e"*®^ l y v « 0 o 


line-segment 1 < ■ 
circle I w I « e*^ 


k a/2 


0. 
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11 w ■ cos (a log z) , a > 0; z = e^ cos w ^ a *. 

h, k any integers; r Q ■ e 2l ^ a • 

Critical points: z = 0 ; oo; e hl ^ a * r^ 2 . 


z - plane j v - plane 

See figures on next page 

points z « {Jr* 1 (p 4 0 ) or P^r* 1 

o o 

points z ■ 1 (i.e a); r^ ( ® ); 

(®) 


points w * cos (a logp+ 2akrei) 
points w ** 1; 0; -1 
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z - plane 



points z = r^ 1, (»)|P 0 («)| 

T 0 * i% (* ) 

z = r 0 e 2i *( 8 )j j3A e 2*l 

r 1 ^ 2 (rO ) 

o 

z * r^* e 2 ** ( * ); e 2ici ( a* ) 5 
e* 1 (£ ) 

line-segment 0 ac 4 


line-segment $ * k 

circle |z| B V? 0 * 0£ arg z<2* 

circle |z| = r^ f 0 £ arg z < 2* 
circle |z| s 0 < arg z < 2n 


v - plane 



* 


i 

1 


points w « 0; 1$ cosh an 


v = cosh 2an; 1 slnh 2a*; 
-cosh 2a ic 

w ■ -i slnh 2aic; cosh 2a*; 
cosh an 

part v > 0 of ellipse 

I w-ll+| w+l|« 2 cosh 2ax 

part ▼ < 0 of same ellipse 

line-segment v = 0 f 
-1 > u > -cosh 2a* 

line-segment u ■ 0, 

0 > v > -slnh 2an 

line-segment u = 0, 

0 < v < slnh 2a* 
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z - plane 

v - plane 

circle | z | « r® f 0 £ arg z < 2ic 

(0 < « < 1, 0 / jl). 

part 0 >. v > -sin 2na slnh 2a* 

or 0 < v < -sin 2*a slnh 2a* 

(for sin 2na > 0 or < 0, 

respectively) of the hyperbola 
branch | w+l| - |v-l| = 2c os 2ita* 


11*12 


* 



* 


0 < m < 1; -te i(m + J) 


Combination of £ = i(z + 1) and w = log (cf 



5-ht 


Critical points: z ■ m; 1/m; -m; -1/m; oo. 



8 f 10*2) 


e = log 2±Sj p real; k « 0, 

1—m 

+1, +2, ... . 

z - plane 

v - plane 

points z; 1/z 

v = w(z) + 2kid 

point z * iy (-1 < y < 1) 

w = 2kid - 21 tan-*- StL. 

1-3r 

line-segment y = 0, -m < x < m 

line v = 2kx y oo > u > -oo * 

line-segment y = 0, m < x £ 1 

half-line v = (2k-l)i^ 


-oo < u £ -2c* 

line-segment y = 0 y -m > x ^ -1 

half-line v = (2k-l)* y 


oo > u 2c* 

line-segment x = 0, 0 < y 1 

line-segment n ■ 0 y 


2kic i v i (2k-l)Ho 

0 <<Pi*l 

semi-circle z = e iy , > 

2ic>9>* I 

line-segment v = (2k-l)* y 
-2c < u £ 2c* 


^See E. Konig, S* Kavada, listed in §8.5. 
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z - plane 


if 



X 


w - plane 



e 



6 


if 





v*=(2k-l)* 

——e 


III 



v=2(k-l)it 


8 s -2c + (2k-l)icl; 

9 s 2c + (2k-l)ni 


IF 



x 


circle | z | = i 
point z = e^ 

circle I z- p | » 1- p , 0 <p< 
touching | z | » 1 at s , 9 counted 

an Infinity of times 



each of the slits 8 9* 

w * -2 tanh~* + (2k-l)ln 

1 + nr 

set of aerofoils t surrounding the 
slits and exterior to one another 
touching 8 9 at 8 on both sides 
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z - plane 

v - plane 

region formed by the interiors 

of this circle| which is counted 
an Infinity of times y the in¬ 
teriors being connected through 
slit a <b e s 

region exterior to all these 

aerofoils 

region bounded by | z |« 1 and 

i*-p i- i-p 

interior, cut from e to 3 y of an 
aerofoil 



i lot 2z3 

K Z+m 


1 log 


BZ-1 

mz+1 


1 log 


s?-l+2lz 

z 2 -l-2-tz 


0 < m < 1, 


-t ■ - ■)• 

2 m 


points 


z - plane 


z; 1/z; iy(-oo< y < co); 

•**! i? -U & 


points 


v - plane 

w; -wj 2 tan* 1 

i. 2 tan -1 SSL-fttet-t 

1 -** 

x- 4 tan“* m; 

*+ 4 tan -1 m;ic [ add 2kic 
to each value®] 




(F s (2k+l)x - 4 tan" 1 m; 
ac: (2k+l)* + 4 tan" 1 m 
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z - plane 


w - plane 0^0 ,+1 f +2,.. *) 


circle | z| « 1, counted an 
infinity of times 


i i l-a? 

circle | z-ip| * l-p f 0 < p < —g— f 
counted an infinity of times 


1 *2 


3 


-v»0 


set of slits 


set of aerofoils, surrounding the 
slits, with angle = 0 at *f 



^ | 0 < ■ < 1. 0 < P < <* . 

+mz 2 


c ■ log iiBJ tan f, 



tan p 


(°< 9 0 < f>» 


0, £L, ... 


* - plane; |s | < 1 


v - plane 


points 


-1 



points v 8 0; nie*^- 2c cos p ; 
xie*P + 2c cos p| w * nie^P 

• 2 cos B tanh* 1 2m 9 

1+m 2 

-2 sin ptan- 1 

[add 2krcie*P to each value] 


w=-2\+t if 










z - plane; |z| <1 


v - plane 


ole 


- 008 p siah-1 ^2LS22i 

1-ar 

+ sin p sin -1 2JL4 s£ 


1+lB? 


!f t -4 sin p tan"* m + t; 

ac: 4 sinp tan"* m + t* 
s i -2c cos p + t ; 9 : 2c cos p + t 


a* 




/r 


v*=3ncos p 


if. 


r*ncos p 


-ic cos p* 


K t 


K 


'ii 


3C 


= £ 3*2*2 8 ^1*2*2 m "* * n/2-p 


circle |z| = 1 

circle touching |z| « 1 Inter¬ 
nally at /r 9 and such that 
z = m and z = -m lie In Its 
Interior; counted an Infinity 
of times 


each of the silts K & 

set of aerofoils 9 surrounding slits 
and exterior to one another; 
angle at k ■ 0 (of. case p ® 0)* 


It8 Interior | counted an Infinity 
of times, cut from z = -m to 

z = m 

Interior of | z | = 1, counted an 
Infinity of times, cut from 
z = -m to z = 


region exterior to all the aero¬ 
foils (cfo case p » 0)« 


region exterior to all the slits 
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Z - i + 2C log S 


c > 0. For w * z + J + 2c log z, see 


part IV, §12*3. 


Critleal points s 
Set f ■ (2 + *c)l. 


0; oo; -c +V(c 2 -l)j -c - V(«2-l) 


z - plane) z «= reIV 


v - plane 
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z - plana I w - plane 



line-segment -2x < v < 2* f u = 0 
half-line 2x < v < oo f u = 0 



+ tan e ; notice that 2c K> 2+rce =-lf 

o 



line-segment -2c v < 2cX f u =0. 


half-line 2c\ < v < oo f u = 0. 
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e » cosh a, a > 0} r 0 ■ e •* >1, where slnh |i = C(i. 






Curves in the z - plane corresponding to the lines u s p t p ^ 0 


- plane; 0 <p^<P 2 <**** 2 - l/ 2 + 2c log z = w. 



0 < c < 1 


z 0 “ = -C + i(l-e 2 ) 1 ^ 2 } 

z. * -e^o. 





c >1 

The circle I z I = 1, i.e. [u=0] , 
is counted an infinity of times; 
so is [u=p^]. 


Reprinted by permission from the THEORY OP FUNCTIONS AS APPLIED TO 
ENGINEERING PROBLEMS by R. Rothe, F. Ollendorff and K. Pohlhausen, 
published by the Technology Press of the Massachusetts Institute of 
Technology* 


The essential curves of figs. 56a, b, c are copied in these diagrams 
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11.14 


j w = tanh x z - b tan~ x g j t b > 0; cf. part IV, §12.6 
Critical points: z = 0; +1; -1; lb; -lb; oo. 


z - plane 


v - plane 


point 



v « z + c coth z 


c > 0; cf. part IV, example (Al). 


Critical points: z = co; kid (k = 0, +1, ...); kid + sinh" 1 Ve 


z - plane 


v - plane 
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PART FOUR 

SCHWARZ-CHRISTOFFEL TRANSFORMATIONS 
REPRESENTED IN TERMS OF ELEMENTARY TRANSFORMATIONS 


INTRODUCTION . 

Remarks on the method of the Schwarz-Christoffel transformation. 


The Schwarz-Christoffel transformation. 


M = (w-a^ l^(w-a 2 ) 


A,.. . »-« 2 A 






n< , or 


z = f(w) y where 


-oo < a-. < a* < 


< a n < oo 


U 

-n i a. < 3it (j = 1,2, ...,n); -* < 2 a- £ 3icj a, 4 0$ 

j .1=1 J 


n 


n+1 


- 2« - 2 <* j5 


A^ = f(a 4 ) (j = 1,2, ...,n); A_^, - f(oo )5 


3 


3 


n+1 


and where the A^, ..., A n+1 are the vertices of a "polygon" in the 

z-plane. 

(1) The sides of this polygon must not intersect one another, but 

self-contacts may occur, and vertices may lie at infinity! the sides must 
form the boundary of a simply connected region, the "interior" of the 
polygon. If this region lies to the left when we transverse the sides in 
order, then it is mapped on v > 0; angle ctj is the change of direction 

when we pass through Aj. 


If a n+1 = 0, then the polygon has n vertices only, A^, Ag, • ••* A n . 
A vertex Aj lies at infinity if, and only if, 

ic £ £ 3ic. 

All the vertices of the polygon are finite if 



9 


IC^Oj < 1C, 


n+1 
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(2) Change of direction 


A 


i.e. angle q, when passing through a 


A sufficiently large circle is drawn which contains all the finite 
vertices in its interior. Instead of passing through A, we pass from 

the "side” p to the "side” q along that arc which 9 joining p to q f lies 

in the interior of the polygon, and find the total change of direction. 
The arc can be replaced by a suitable polygonal chain. 


a 2 


Vertices at infinit 






Ak 


1 



a 2 


Cf. W. Mangier. 
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, _ _ It _ 

La i " “ 


_ - is 

°4 " “* 
So = 2n. 

V 


" 2 5 °2 * * 5 


"interior of polygon” is exterior 
of semi-infinite strip. 

l_ q = - a _ as ^it* a = - 


6’ 


2 = 3«5 « 3 =-| 


So = 2*. 


Q A 

(3) Not every differential equation dz/dw ® (w-a^)" 1 ... t where 

the aj, Oj satisfy the conditions stated above 9 is a Schwarz-Christoffel 
transformation; for instance, 

= w -1 (w-2) -e 2 A (w-3) -a 3 /11 

dw 

is not whenever -2ic < < -ic. But for every "polygon” defined as 

above a Schwarz-Christoffel transformation can be constructed. The 

latter can be represented in terms of functions treated in SSI-11 cer¬ 
tainly if not more than two angles are + in or odd multiples of + ^ n, 

while the other angles are + x, 2it, or 3** 



All the transformations of part four concern polygons of which at least 
one vertex lies at infinity. 










44 




00 The 

half of the w-plane by 



is transformed into the upper 




(w-a n )'-n /,t ( w 2 +l) ' 2 . 


The angles a^, as the changes of direction 9 are measured by transversing 

the sides in order so that the interior of the polygon lies to the right* 
The point z = oo is mapped on w = i. 


(5) Transformations which are equivalent from the topological point 
of view* 


When z = f (w) maps the half-plane v > 0 conformally on a 
region in the z-plane y then z = ?(w) has the same property if, and 

only if | it can be represented in the form 


Example i 



a, b y c, d real; ad - be > 0* 


The transformation w = e z maps the strip 0 <y < x(l*e* polygon 
with two vertices y both at infinity; «i = «2 = 11 ^ on v > 0* The follow¬ 
ing transformations have the same property! 


w 

w 


tanh J z = j ; w = -coth jy z; w 


e z +l 


e^cosechjz; w =-^"^sech ^ z; w 



(6) Combinations of Schwarz-Christoffel transformations. 

(i) Simple combination . Interior of polygon on strip* To 

find the "equipotentials" and ''stream lines", it is necessary to map the 
Interior of the polygon concerned on that of a strip so that the boundary 
lines of the strip correspond to the sides of the polygon, taken in a 

certain order according to the condition of the physical problem* 

An example will show how the construction of the transformation 
required is reduced to that of two Schwarz-Christoffel transformations* 

Actually a considerable number of the transformations of Part 
*hree can be represented as Schwarz-Christoffel transformations or as 
combinations of two of them* 

(ii) Combination, using a differential equation* Let 

w = w(t) and X. (t) 

be Schwarz-Christoffel transformations* The transformation required is 
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v = f(z), where 

it - - a 

This method plays a considerable part in the theory of "free stream-lines" 
In Hydrodynamics; the velocity-vector is C" where 

C= -*r» logt = X. 


References t 


Kirchhoff, Zur Iheorie Freier Flussigkeitsstrahlen, (1869) Gesa 

Abhandlungen y p. 4l6. 


mu 


elte 


Helmholtz, Berliner Monatsber. April 23 , 1868* 

Rayleigh, (i) On the resistance of fluids, Phil* Mag* Dec* 1876 

(Papers, 1*287) 

(ii) Notes on Hydrodynamics, Phil* Mag* Dec* 1876 (Papers, 1*297) 


Love, A.B.H., On the theory of discontinuous fluid motions in two dimen¬ 
sions, Proc* Camb* Phil Soc* vol* 7 (1892), p* 175* 


Greenhill, G*, Theory of a stream-line past a plane barrier, R* &• M. 

19 (1910)* 


For further references concerning the subject see 

Lamb, H*, Hydrodynamics, Cambridge 1932, Chapter IV* 

Hanson, J.H., The practical application of conformal representation, 

Thesis October 193**, University of Liverpool* 


(7) Principle of reflection * Suppose a region R in the z-plane 
to be symmetrical with respect to a line -t* Then the transformation 

which maps R on v >0 can be reduced to a transformation mapping one 
of the two regions into which R, obviously excluding the points of R 

lying on't, is divided by £ on v >0* This will be shown by an example* 
In the third problem of gl2*9 the principle is applied twice* 



(A) Rrawinift for the simple combination * 



a> y»-an 


To map the half-plane y > -an, with the 
two slits -00 < x < Zjj Zg < x < 00 , 

[a > 0 ; z^Zg real; z 2 > Ztf 
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on the strip 0 < 3 (C) < it of the C -plane so that 

(i) e s> f; (y = -ax) is transformed into 3(C) = 0, the two slits 
together into 3(0 * x y or 

(il) e d gand the slit a«e together into 3(C) s 0 y slit a* & s into 

3(C) =x. 


We take z^+z 2 “ i«e* y z Q = -aix y and p as the real root of 


p + logCp ♦ C^+i) 1 ^ 3 = — C p > o, (p 2 + 1 ) 1/2 > o]} 

& 

= -ap, w 2 = ap f k = a log [p + (p^l) 1 ^], b * a(p 2 +l) 1> ^ 2 
Then 


z 2 = w 2 +k » z i 






a log 


w 2 +b 

v 2 -b* 



Uslng a result of §12.2, with p= 1 and e = -b, we see that 
(1) z ■ w + a log[(w+b)(w-b)“ 1 ] 

is the transformation which maps the above region on 3 (w) > 0 y as in 
§12.2 (second figure) 9 p. 152 . 


Case (i) Now 
( 2 ) 


C 


- _ w+b . 
w-b’ 


w 



C+l 


maps the half-plane 3(w) > 0 on 3(C) > 0 


w - plane 


points w^ y -b; 0; b; w 2 ; oo 



-b w=»0 b 

ji _i_L. 

e 3D 8 


W 2 00 

i ■ .a 


line-segment -b < v < b 
half-lines b < w £ oo and 

-oo £ w < -b together 



C - plane 

points -e“ k ^ a ; 0; 1; oo; -e k/ ^ a ; -1 

C=-e k/a -1 -e" k/a 1 

8-1 --I-1-1-1-6 

& a (Be £> 


half-line C > 0 
half-line C < 0 
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The transformation 

(3) 5 * log 5 

maps the half-plane 3(0 > 0 on the strip 0 < 3 (5 ) < k 9 transforming 

the half-line 5 > 0 into the line 3 (5) = 0, and the half-line K < 0 

into the line 3(0 =* (cf. §10.1), Combining (1), (2) and (3) f we 
arrive at the transformation required (cf. §11,14) t 


z = b tanh 



+ a£ - a in. 


5 - plane; £ « a + iv 



Case (ii) The linear transformation 

( 2 *) w « 5 + b 

maps the half-plane 3 (w) > 0 on 3 (5) > 0 9 the half-line a ® e and 
the segment e a> s together on the half-line £ < 0, and the half-line 
fi sf a' on £ > 0. 


w*-b 0 b w 2 5*0 

a-1-1 -I-1-I-at a-■-1-1-1-1_a* 

(R e D s J ® e D e JF 


(30 c - in - log K i ( = -e -! * 

maps 3(5) > 0 on the strip 0 < 3(5) < ic , the half-lines 5 > 0 or 5<O y 
respectively 9 on the lines 3(5) = * or 3(5) s 0 (cf, §10,1), 

Combining (1), (2') and (3') t we arrive at the transformation 



b - e"^ + a log {1 - 2be^} 


required 


t - plane; £ = 6 + 1% 



z - plane; h = 


v - plane 



The same transformation! therefore, maps the region 


z - plane 


v - plane 
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tt 

I 


I 

I 

I 



(9) A converse of the method . Given a function w = f(z), 
it may be possible to represent it (i) in the Schwarz-Christoffel 
form, or (ii) as a combination of two Schwarz-Christoffel transfor¬ 
mations 0 Thus information is gained about fundamental regions which 
are mapped on each other* 

Example (i)t w = (1-z 2 )*^ 2 (cf. §9*2) dz/dw = -w(l-w)“^ 2 (l+w)“^ 2 . 

Take a^ = - 1 , ag = 0 , a^ = 1, a^ = oo. = x/ 2 , a 2 = -it, 0 ^= 211 . 

Hence the Interior of the polygon in the z-plane is a cut half-plane, 
as in the first figure on p 9 76 4 except for its orientation* It is 
mapped on v > 0 . 

Example (ii)s w = z + c coth z. 

(a) c > 0, cf © p*l4o* This is a combination of the two Schwarz- 
Christoffel transformations dz/d( = (1-C)~ 1 (1 4 C)"^» i.e* £ = coth z, 

and dw/dC = c(d- 0 (d+C)(l-C)" 1 (l + 0~ 1 where d = ( 1 + 1 /c )“ 1/r2 * 

(b) c < -1. Combination of dz/d( = 2~^~*/ 2 (l-t)“*, i.e. 

C = coth 2 z, and dw/dC * 2 “ 1 cK-k)C" , ^ /f 2 (K-l )" ,1 where k = 1 + 1 /c. 

The sides of the polygon in the w-plane are A^A^Cu = 0 , 00 > v>it/ 2 ), 

= it/ 2 , 0 £ u < u Q ), AgA^Cv = x/ 2 , u Q > u > - 00 ), where 

u Q = logi/=c - V-c-I) + (c 2 +c) 1/2 , and A^A^(v = 0 , -00 £ u £ 00 )• 

The polygon in the z-plane is a semi-strip, with vertices 
w = it i/ 2 , - 00 , 0 * 

The cases (b 1 ) c = -1 and (b 11 ) -1 < c < 0 are treated 


similarly 
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12*1 Half-plane t with one slit (cf. §9.3).^ 


dz _ w+a 


; z = (a > 0, 0 < p < 1) 


z - plane 


points z = aPe**P/(p-p^) f i.e.®; 


0 j 1 • 0 • S) 




Vo* 


y=0 


half-plane y > 0, with the slit 


a ® e 


w plane 


point w = -a; point w = ap/(l-p) 


half-plane v > 0 


dw 


a > 0; 


z = w + a log w 


z - plane 


points z * 1; a (log a - 1+ lie) = z H 
half-plane y > 0, with one silt 


v - plane 


points w ■ 1; -a 
half-plane v > 0 


j z = w - a log w + b| | a > 0: combination of w = -(, z = -£+(b-a*i) 
and C ** K +a log K ; a > 0* 


$ Whole plane, with one (1) finite slits p« 78, (11) Infinite slits p« 35b 
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2 Half«plane« with tvo slits « (cf. p. l^t bottom). 



; 0 < P < 1; a > b > 0 f c>0 o 



half-plane | with two slits 


half-plane v > 0 


Representable in terms of elementary functions, if p « p/q (p f q positive 

integers, also p * 0, i.e„ parallel slits, being admitted, 0 ^ p £ q); 
then 



w l/q 

(s^+b)(s^-c) ds# 

(-b) 1/q s^Cs^+a) 


Example 




where 


z 

k 


21 (+ J2S_ . tan- 1 (f) 1/2 ) - k, 

' a vw a va a ' 

UE - 2 VT+ tanh" 1 ^) 172 . 

a a /T a 


dz (w-Wj) (w-w 2 ) 
dw (w+b)(w+c) 



> 


where a > 0; b > c (a, 
they are real, wj+w 2 = 

b+w? 


b, c 


2w 


o> 


k ■ a log 


C+W/ 


real); w lf w 2 roots 
w^ < -b < - J(b+c) 

. b+wi s 

log --■* > 0. 
c+w^ 


of (w+b)(w+c) s a(b-c), 


w Q < -c < w 2 ; 
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z - plane 

w - plane 

points z = Wj-k; w 0 -ani; w 2 +k. 

Half-plane y > -an, with two slits 

points w » w 0 ; w 2 * 

Half-plane ▼ > 0. 


a-*. Zl=Wl-k Z2=^ 2 +k a t 

e y»0 05 y»0 s 



z o“ w o _aiK 

w * s|r i w 0 -c w 2 

a _ L 1 i_r a a 


0 ) 

® e © s s 


Combination of this transformation and of = (w+e)/(w+b)* 


Whole plane, with four slits on 3(0 > 0 o 


12o3 Whole plane, with two slits (cf. §8*1, §9*3» §9**0 



0 < p < 1; a > 0 




z = 



2"P 


+ ^ v 1_ P + | w-P (ef. §6.2, end). 




z - plane 


point z= 



2-P 


(l-p)(2 


point z = —i- 

2-p 



-izp 


I 


a 


1-P 

o 


p(l-p) 

y=0 



a* 

e 


whole plane, with the two slits 


w - plane 


point w = -a; 


point w = 1 


a 


i 


i 


« 


e 


half-plane v > 0 


1 

-L 


© 













w - plane 


dz 


dw 


w 2 -l 


z = 


- W^-l 


- log w ( 


z - plane 


points z = -1 k{ 


points w = -l; 


whole plane, with two slits 


half-plane v > 0 


z*0 


y=0 


w=-l 


z=-iit 


y»-ic 


= w + ^ + 2c log w ; b, c, real, b > 0.^ 


& 

dw 


(w-WiHw-Wo) 

-±jjg- f where w x 


= -c + VO>+c 2 ); W 2 < 0 < 


In the figure, c < 0, 


z - plane 


w - plane 


point z. * w, +. + 2c log w. s 

A A A 


point w^; 


point zg = W 2 + — + 2c log | *2 I 


point W 2 


+ 21cit 


y*0 


w 2 


w*»0 


y=2eit 


Whole plane, with the two slits 


Half-plane v > 0 
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w i 


f Cf. B. Kehren. Contrast the transformation with that In B11.13. 


I 


a 1 
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12.4 




& s. Sy . T , 1 . a > 0; z * 2a \/(w+l) + 2 tanh*" 1 -y/Cw+3) 
dw vV(w-H)| f * 

= 2a<y/(w+3)+ cosh -1 (- 2-1) 


z - plane 


w - plane 


points z ■ 0; 


= 2 >/(a 2 +a) 


+ 2 log^<y/(a+l) + Va J+ in 


points v = -1$ 1/a 


Quadrant x> 0 f y > 0, with slit 


half-plane v>0. 


y*ic 


w»-l 


Combining this transformation with w = ■» » ■■■' : 


z = -&-( 5 +1) + 2 tanh" 1 Jk±l 


■Jl 


2V$ 


z - plane 


5 - plane 


half-plane x > 0, with 
two horizontal slits 



3(0 >0 
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12.£ Cut strip 



, -1 < a < 1 (for a = 0 cf. §10.4) 


z - ^ log (v-i) + 3|a log (w+i) 


z - plane 


points z Q = ^ZL(l-a); i£(l-a) 


+ log (1-a) 

+ log (1+a) ■ z { 


strip 0 < y < % f with silt 



<B 

I 

£> 




e 

9 


3D 


a* 


y=0 


w - plane 


points w = 0; a 


half-plane v > 0 


w*=-l 




z - plane 


point z ■ 0 



w - plane 


w - plane 
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Representable In terms of elementary functions if P * p/q 9 where 0 < p < q f 

p (l-w) 1 ^ 1 

p and q integers} z = ql 


tP+q-1 dt 


l-t* 


Example (i) p « 1. z = -Sd-w) 1 ^ - | log jl - d-w) 1 '^ 

+ J log w + V3 tan“* - 

2 1+2 (1-w)* 1 - 


Example (ii) p= ^* 



tanh 




cosh' 


Vl-w ^ 


Figures as above; but on the left 9 take 4 .es: An f and y = -h instead of 


y = -ic* 



0 < p < 1, a > 0; 


* ■ -f • 

—a 


z - plane 


w - plane 


points z * 0; z^ ■ h + ik = Jaca"P 



points w = -a; = 1 
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Representable in terms of elementary functions if p * p/q f where 0 < p < q, 
p and q integerst 




q(a+l) 




dt t ^- 1 


l+at^Hl+t^) 


Example (i) 0 







<b » bisects 



Example (ii) 8 « jo z = 


r -1 a-l+ 2 w , „ 1 _._^-l aw-w- 2 a . 

•cos ' ■ ■ ■ ■ ■ ■ + ic - * 7 — cosn ; 5 

a +1 wa w(a+l) 7 


a similar transformation is 




- plane 


points z * 0 ; x + 




w - plane 



a — <B e sd ^ 
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0 < a < If z = sin 


-1 w + J(l-a 2 )_^-1 w^a^+a 2 


cosh 


^-w 2 


z - plane 


point z = 0 



v - plane 


point w = o 



8 i S + i JL «/( l-a 2 ) 

2 2a 

« t - * + £• -/(l-a 2 ) 
2 2a 


a 1 


Combining this with v 




^ a-a2) cosh" 1 





z - plane 


v - plane 



For equipotentials, see W. Gfihre 




M « 2 VCw 2 -!.) 

dw 


z = wV(w^-l) - cosh“^ w + 



z - plane 


w - plane 



z - plane 


w - plane 


points z * 3te/2$ iicV2 points w = -1; 0 

half-plane, excluding the semi- half-plane v > 0 

Infinite strip a m e d 



<b 

e =inV2 
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^ - cosh" 1 * + 
2 a 


0 < a < 1. 


(l-a 2 ) 1 ' 2 


cosh 


-1 ^(2-a 2 )-a 2 
a 2 (w 2 -l) 


o 


z - plane 


points z = 0; -ih; lh 



y=-it/2 


w - plane 


points w = 0; -a; a 



a * jjV(*h-h 2 ) f 0 < h ■ jx - lnV(l-a 2 ) < ^ic 


12.8 Further transformations a 

f 0<p<l;z = - jjlpCw+l)^"*^ + «j“jy( w+ D^ 



z - plane 


points z = 0; ^(l-p)(2-p)J" 1 



v - plane 


points w = -1; 0 











d z _ k(w-l)^^ 
dw xw(w-c) 


y c > 1; k > 0, kc 


- 1/2 


£ C08 h- 1 (2H=£=1) - C o8h- 1 (i2±ii2^2) 

1 C c-1 it Vc \ (c-l)v 1 


z - plane 


v - plane 


points l(k-h) = z^; 0 


points w = Is c 


y*k 




ZR 0 




0 < p < 1 . 


Representable In terns of elementary functions, if p = p/q (p, q integexs) 


z s 2q| jjP +< i-l(t<i-i)“ 2 dt y where £ * (w+D^Cw-l)" 1 ^# 


z - plane 


w - plane 
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Examples p = 1, q = 2 



z - plane 


points z * in; 1(1 + j) = z Q ; 0 



dz 

S? 



z - plane 



; z = V (w 2 -!) + cosh" 1 




v - plane 


points w = -1; 0; 1 



i 0 < a < b < c 


v - plane 
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12.9 Curved boundary-line « 


dz 

V(w+l)+c V(w-1) 

dv 

(w-a) V (w-b) 


b > a > 1, c - > °* 


z - plane 



v - plane 




g = n(l+c); h = it ( Wf£>*is approximately a quarter of 

a circle. 

The figure is reprinted by permission from "The effect of curved boundaries 
on the distribution of electrical stress round conductors" 9 by J. D. 
Cockroft, Journal Blectr. Eng. 66 (1927), p. 385 etc. Details are given 
in that article. 


Combining this transformation with w = b + e £ s 


z - plane 


C - plane (£=<* + iv) 


Region, bounded by x = 0 and the 
two curves 





Half-plane v > 0 


a 


a 


I 



O 

II 


ii 

o 

I 



v 

© 

l 

; sd v=0 


«, =«/|b-a) > 0 
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Combining It with w * b + SjpCC + ^) 2 t 


z - plane 


€ - plane 


shaded region 


half-plane 3(0 > 0 
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12^10 Comblnatlon r using a differential equation (see pp# lk?)• 



To map a <r on a *, of «* on a 1 of so that (i) dz/dw is real and negative 
along <2<b and of , (ii) dz/dw = -1 at a and of ; to find the curves 

corresponding to a e and e'e In the z-plane ("Borda • s mouthpiece”) ® 



Transformations log ( = 2cosh"^T 


$The figures in the examples (i) and (ii) are reprinted by permission from 
HYDRODYNAMICS by H. Lamb, published by the Cambridge University Press 
(1932); seep.p.97, 99* For details of the transformations in (i} 9 
(ii) and (iii) 9 and for the figures to (iil) 9 see Lamb also. 
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Transformations s 



Curve «* sMe in z-plane: x ® ^(sln^ ^6+ log cos 

X 6 


y * JL(6 - sin e)] o <e <-*? 

2x 

1 = cos" 1 2 T. 1 > T > U. 

2 

Curve a s e in z-planes x as before, y = 2b + - sin 0), 0 > 8 > -*. 

Asymptotic distance between curves (at e) « b c 
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Example (11) Configuration In z-plane: ® -|G a 1 » . <b* 

w-plane, t- plane as in previous example, but omit sr , ; 

lv = (b/«)log x - lb/2| (simple jet). 



Transformations: 


log C = cosh"^T-ici 


Curve a 9 e In z-plane: x = — sin 2 1 

ic 2 


7 “ « (l°6 tan(S + |) - sin e}, 0 > 6 > - 

Curve a* 9 1 e In z-plane: x = - §£ sin^ A 0+ £ cos 0 + 

y = t^log tan(S - |>) + sin 0^ f 0 < 0 < £} 

cos 0 «t, 1 > t >0; asymptotic distance 
between curves (at e) = b. 
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Example (ill) Configuration in z-plane: r_ » _ i a » in w-plane 

& ^ 


.TC 

* 


t 


} 3C • plane barrier 


a 


Transformation v = f(z)s 


z 

t> 


r* = COS 


-il. 

X 


(t 2 -1) 1/2 


2 

T 


1C 


w = - where b(ic+4) = a > 0 


z - plane 


w - plane 


points z = 0 (i.e. x ); ia ( a ); 

- 1 a ( a' ) 

(1) half-line x = 0, oo > y > 0 

(2) line-segment y = 0, 

0 < x < 1 a 
- - 2 


(2 1 ) line-segment y = 0, 

0 > x > - J a 
“ “ 2 


(3) curve x = 2b(cosec 0 + q-ic) 

= x(0), 

y = -b(cos 0 cosec 2 0 

+ log tan i 0) » y(0) 

(3 1 ) curve x = -x(0), y = y(0), 

curves start at a or a 1 , re spec-| 
tively; An> 0 >0; sin 0 =+xl 


points w = 0; -b; -b 


half-line v = 0, oo > u > 0 


line-segment v = 0, 0 > u > -b 


half-line v = 0 f -b > u > -oo. 


region bounded by (1), (2), and (3) 
region bounded by (1) 9 (2*) and 

(3') 


half-plane v < 0. 
half-plane v > 0. 
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PART FIVE 

HIGHER TRANSCENDENTAL FUNCTIONS 


The number of transformations which are representable in terms of 
higher transcendental functions is enormous. Only some fundamental trans¬ 
formations of this kind are discussed in part five .4 


Notations 

The same notations are used as by E. Jahnke and F. Emde; except 
for the following notations: 



The Inverse function of w * *>z * pUfg^g^) is, according to the 
classical notation. 



ds 


oo 4 ( s-e-j^) (s-e 2 ) (s-e^ 



-*2 s " g 3 



The periods of &z are written 2w lf 2u> 2 ; while 


pu^ s ®<j^j p<*>2 88 e 2 > s 





so that 


3) 

4) 

5) 


The notation £(z) is used instead of (z. 

oo 2 . 

* (z|t ) = 2 (-l) n q n cos 2nnz, where q=e 11tT , 3(v)> 0. 

° n=-oo 

Similar are the notations * 2 (z|t), ^(z|t). 

© Q (v) = * o (0|t), © 2 (t) = # 2 «>|v), © 3 (v) = # (0|T). 


A list of further transformations is given in the Hanson thesis which 
Professor L. Rosenhead was kind enough to lend to the author. 

For altitude Charts of the Bessel function J v (z) for some real values 
of v see J. Lense. 






170 




For the relief of w * pz 9 with w^ * 2 f w^ ■ l 0 75i, see Jahnke-Bmde 9 p. 99; 
for the equlanharmonle ease w = p(z;0 9 1) see pp. 100-104 f for the lines 
u = constant y v = constant see Tricorn! p. 31, fig* 8. 



Rectangle t with vertices at 0 f w^ f 


wo 

-w . w 5 u > 0 , — 1 * 

2 f y l 1 i 




z - plane w - plane 
















Transformation represented 
w = pz = e 1 + (|Xt? 2 (^ k )) 2 i 


terms of 0 -seriesi 


vhere 




V = 


_ z 


2 w 1 > 


■ e 2 + (|i»,( 5 |x )) 2 

<^(t) 

11 ” 2w 1 e 2 CI -e) 


« 3 ♦ 


Q 2 (t) 

V’> 


* 0 uw» . 


Or 


(2) Given » e^,e 2 > e^ (real; < a 2 < e^, «i + ® 2 + *3 


0 ) 


2 62-63 , 2 _ ey-eg 

K n -Vi" > K “ ~ 5 

e l"*3 a 1^3 


“1 


®e ^8 


13 


(u, > 0 )j w 


IK* 


®1“®3 


Ui 

<-f > 0 ), 


vhere 


si 


dt 


lll-t 2 Jl-kSfr 


J fl /2 

^ 0 E” 


d<f 


•l^sin 4 


1 i 1 •a (W. 


( 2 n-l) \ 2 
2 n ' 


) 2 k 20 j = P(k,|) 


K* 


r a/ b. 

= 3i 1T- 

-s 1 -^ 


dt 

l+t 2 )(l 


SPT"! 


n /2 


dqp 





= F(k' ). 


Transformation as above• 


Square on half-plane; triangle with angles « f j*, 


w ■ p(z;4 t 0) y i»e. g 2 = if, g^ « 0; 


-e 


6 a = 0 


U = \ 1 -V"m ■ - 2 - (1 ♦ ? ( |4 2" n | t U - i» 

1 3 o 2^2 [ n=l 2**f #0O 2n J 3 1 
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z - plane 


v - plane 


3D t 


ujU+i) 


\ hi / 

* 

a y*0 ® 


-1 


v *»0 



III 


II 


IV 


4 r 


1 

/ 


The triangles with angles £{ |, |j 2£, |, | (cf. §13.7, 

13 * 8 9 13*9) represent the only eases where a rectilinear triangle in the 
z-plane is napped on a half-plane by an analytic function w = f(z) which 
has a finite number of values for any z. 


13.2 




on 


z - plane 


w - plane 



II* 


-c - 
H— 

<B* 


/ 

/ 

/ 

•>fe / -1 


I« 


3D 

I 

I 

o 

ft 


! i4c 


w»0 

e 


II 




interior of rectangle a < b © e 
interior of rectangle a <b «• a* 
line-segment y ■ b/2 f -a < x < a 


quadrant u > O f ▼ > 0* 
half-plane v > 0 o 
semi-circle Iw I ® 4 c. 


>/c f ▼ > 0« 
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Transformation required! 



dt 


J(l-t 2 )(l-ls2t 2 ) 



w = sn(&,k) ■ sn f 

Q w Q 


(2) Given e 


>1 


k = —; E as above 


K; 


K* 



(l-t 2 )(l-k ,2 t 2 ) 


where k* 2 « 1 - k^. 


Transformation required! w = sn(z f k) = sn z. 


w & sn 2 (z,k) 


z - plane 


w - plane 


interior of rectangle 9 with 
vertices at z « 0, K f 
K+iK*, iK* 


half-plane v > 0, 
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Square on quarter of plane. 

w = sn(z,-iL); K = K 1 = 1.854-1. 

42 


z - plane 


a 


K(-l+l) 



3D 


v - plane 



points z = 0 (l.e. e); K ( <b); 
(l+i)K ( e) ; ik (®)| 

if (*) 

line-segment j = *I, -K £ x £ K 

segment x >o f y>0 of x+y = 1 
(l.e. <R s £>) 

segment x<0, y>0 of y-x = 1 
(<B» 6* d) 

segment 0<x<Kofy® x (a s e) 
segment 0>x>-K of y * -x (as* e») 


points w * o (a); l ((B); 
y/2 ( e ); oo ( © ); 

k/2 e te/B ( « )} lV 2 < * )• 

semi-circle |w | • v 2, y > 0. 

part u > 0, v > 0 of hyperbola 
u 2 -^ = 1. 

part u < 0, v > 0 of the same 
hyperbola• 

part u>0 9 v >0 of lemnlscate 
|v-l||v+l| = 1 

part u < 0, v > 0 of the same 
lemnlscate 


For the relief of w * sn(z,0.8) see Jahnke-Emde f p. 92; for the lines 
u = constant 9 v = constant at w = sn(z; >/0.2) see Trlcorni, p. 108, fig. 22. 
For the altitude chart of the complete elliptic Integral K as a function 
of \ = k 2 see Jahnke-Emde t p. 74- f for its relief p. 75® 
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13.3 


w = cn z 





dt 

• 

V (1-t 2 ) (k , 2+k?t 2 ) 


k ,2 +k 2 = 1# 


z - plane 



points z = 0 (i.e, e); K (« ); 

-K («»); 1K» (‘0);K+1K» («)? 
-K+1K* (*«). lK*/2 ( :7 )$ 

K+lK»/2 (fi ); 

-K+iK'/2 («») 

line-segment y = K*/2, 

-K < x < K 


(Casslnlan) 
w - plane 


:o 



points w = 1 (e); 0 ( a ) $ 

0 (a*)? oo (») 5 -ik'/k («)$ 
ik'/k l«')5 (k+l) 1 ' 2 ^ 1 ^ (*)j 

-id-k) 1/ V 1 ' 2 ( 8 )} 

id-k ) 1 ^" 1 ^ 2 (S'). 

part u > 0 of Casslnlan 
|w+l||w-l| = k"’**'. 
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z - plane 


Figure of rectangle as 
at w « cn z» 




v - plane 


3D 



sd 


points z * 0 (i.e. e); K (a); 
K+iK»/2 ( 8 ); K+1K» (« ); 

IK 1 (»); -K+1K 1 («•); 
-K+iK*/2 (s *>5 -K (a*); 

iK«/2 ( if ) 

line-segment y = K'/2, 

-K < x £ K 


points w = 1 (i.e, e); k* ( a ); 

Jl-k ( 8 ); 0 ( ® ); 

00 (fi); 0 («•); 

Vl-k (««)* k» (a'){ 

>/l+k ( ® ). 

part u > 0 of Casslnian 
|w+l||w-l| ® k 0 


For the reliefs of w « cn (z,0.8) and w * dn (z f 0.8) see Jahnke-Smde 9 p. 93 


z - plane 


w - plane 
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z=bi 


II 


y=0 


II 


1 v«0 


II* 


!• 


«• 


-bl 


II« 


I« 


«• 


points z * 0; Ja 2 -b 2 ; 


a^-b^5 


a; bl 
ellipse 


o 1 

*2 ^ 


points w * 0; >/kj - Vkj 

1? i 

circle |v| = I® 


Transformation required: 


w = 7k 


sn 


i f »i,-i 


s) 


where t = 21 log 

ic a -b 


licT 


a-b\ 2 

a+b/ 


k .(2£l) 2 

V S,(T) ' 


r ic/2 

'0 x/I- 


fc2 g £n2 9 2 


For the curves In the z-plane and w-plane, corresponding to the lines 


ffi/sin"^ —====— \ s constant. 3(sin"^- - ■ * \ 


constant, see H. A. Schwarz 
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13«5o Exterior of rectangle on half-plane (cf. §13,10), 


Given : a, b (0 < b < a). Vertices of rectangle: +a+il)o 









B « \ d9^1-k 2 sin 2 9 , 

3 0 

k « 2 = 1 -k 2 , 

B* » \ d^V l-k , 2 sin 2 9 

3 0 

C = -ibk/(E-k , 2 K) f zn£ 

• (« 1 » 1 x ) 

o v 2 K 1 

.. x s W x for K ji . 


K 

see p. 171* 




k Is the root of s (E-k' 2 K)a = (E' - Ic 2 ! 1 )b. 



For particulars see W. G. Bickley, II. The figure is reprinted by his 
permission. For the chart of the Jacobian Zeta-function zn £ see 
Jahnke-Emde, p. 98* For the altitude chart of the complete elliptic 
Integral B as a function of X ■ k 2 see Jahnke-Emde, p. 76, for its 
relief p. 77 * 
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13.6 Region exterior to two seml-lnflnlte strips (of. §13.10). 



k, depending on £ only, Is a root ofs - 


K t k ,2 -2K I +2E > 

2(Kk ,2 -2E) 


Transformation required: ~ s A(w^k 2 )(v^-l) 1 ^ 2 w“ 2 . 

dw 



Where w = l/sn£ , -A 


ai 


2E-k« 2 K * 


For particulars see N. Davy 





z - plane w - plane 



★ 




v = sn( 9 z 


Z-* 


dn a 

I »■■■■■■ — 

sna cn a 


IT (£, a) 


2K e (?r-|?) 

o v 2K* 


^sr 1 T > 

« 0 <if' *> 


f-, « = K - | K'j 




1+k 

2k 


x 

535 


}■ 


g - — , h = K' ii 
2k ’ 2k 


For particulars see J. D. Cockcroft, Appendix 1. The figure is reprinted 
by his permission* 


A similar transformations 


w=sn5 ’ 2 = 5 -^7 Tr(5 ’ a) ' 






z - plane 


w - plane 



z - plane 


w - plane 
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Another form of the above transformation: 



z - plane 

points z ■ w 1 ; iu^ 

Triangle e a at 

(see figure on p. 182) 

Regular polygon with n vertices on unit-circle (n > 3). 


v - plane 


points w = -1; 1; oo 


half-plane v > 0 


-s: 


dt 

(l_tn) 2 /“ 


w + ? 2(2+n)(2+2n) »». (2+(j-l)n) w Jn+l 

3=1 3!n3(3n+l) 


» = [ 1 dt(l-t n )- 2/n 

J 0 
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For the curves In the z-plane corresponding to |w| = constant and arg v = 
constant when n * 3» see 6. Kohl. 


13.8 


'J EM-1 


a) 




dt 



= f(z)i 


-2^ 


,,3(1 2y!£j 0,1) 1 , 


z-z 


or 


g . i + A^lOdn^k) whare k 
2 [1 + enK ,*)] 2 

A = ty27i w a - 0, v 2 « ^-1 

x JO f 4._4.Z 


/ 3+1 ~ a 2v-wg 

2V2’ Q V27 ^2 * 


-fi-T- = 5.298, w = e 1 ”^ w, 

0 (t-t 2 ) 2 ^ 3 


For the chart of p(t;0,l) (equianharmonic case, g 2 = 0 f g^ = 1) see Jahnke- 

Bmde, p. 101. 



points z = 0 (l.e. a); ^ ( « )} points w ■ 0} | * 2 J 

1 ( « )j «o ( « )j oo ( » ) w 2 j w 3 5 Wj. 
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z - plane 


w - plane 


half-line 1 ^ x < oo f y = 0 


half-line - oo ^ x < 0, 


(Be: w = e te /3 W2 _ e 2iit/3 f (!/,.) 

(1 < z < oo) 

eai w = e^^-e^fd/Cl-*)) 
(-oo < z < 0) 


\fr/o n r Y 


When z real and 0 < z < It f(z) - — ■ 7 


* ty* 


r_ 

Jo v/I~ 


d<p 


lysin' 


0 < z < » 
for “ 2 

A < z i 1 
2 


where lc = sin ^ « 


tan | « 3" 1 ^ lf {l-( 1 «*z-4z 2 ) 1 ^)* 1 ' /!2 > 


0 < Y < 1.842. 


Op (II) 


w V 27 


00 


dt 

z (t3-t) 2 ^ 


z ■ c 


(1 + cn wV 
snv dn v 


with k = - &R f c * 

2/2 6 


z - plane 


w - plane 
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13.9 



and ic 






f* at 

ioT ^ 75 


? 


Z-Z 2 = -L 0, l\ . 

16 \3 3/2 / 

f 1 dt a 1 */^ 

Wl Jo (t-t 2 )?/ 65 **"“** 



z - plane 


w - plane 



e 




z=0 




i 

i 

i 

i 


a> 

Quarter of plane 





half-plane y > 0 



Interior of a triangle with angles 

ic ic ic 
2 * ? 6 

interior of a « e; angles 5*t t» rr • 

o 6 3 


Op (II) 


w\/l 08 - | o t i/2 (1 _ t )2/3( 1+t )5/6 


5 



where k = 



See figures on next page 
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z - plane I v - plane 












z - plane 

w - plane 

z « (i.e. a); ( fi ); 

w = Tj+e^ ( a )j -n-e^ ( s )$ 

( e ){ -w^ ( 8 ); 

n,+e 2 w 3 * e • | * , " e 2 w 3 < 

w^+w^ (® ); 

tl+n'+egCw^w^) (<b)$ 

w^-u^ ( ® ) | 

n'-tj+egCw^-u^) (©)$ 

); 

-q-i^-egCw^+Wj) ( * )$ 

( * ) J 0 ( o ). 

n-qHegCw^-u^) (k); oo (o). 


If (i>^ ° lui^ 9 then 62 = e^+e^ = 0 9 w * C(z); rectangle In z-plane is a 
square• 


Interior of rectangle on region exterior to two semi"Infinite strips 
(cf. §13.6). 


W « £(z) + 6jZ 


V V e i»W 


z - plane 


or 


i) f tf as above* 


v - plane 


8 


&_ 8 iy=2<iH sc 




e 
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z - plane 


z - (i.e. a )$ u^+w^ ( « )$ 


w 1 +2m^ (oc )j 


(e )5 2w^ ( 8); 

0(o); ( s ); 

-uij+u^ ( a>) | 


-o^+2u^ ( if ). 


w - plane 


w = fi+ejUtj' ( « ); tj+i^+e^w^+w^) («)• 
n+2n , +e 1 (w 1 +2u^) (oc); 

l,,+e l w 3 * e ^ oo ( 8 )$ 
oo (0)5 ( fi ) $ 

-n+n , +e 1 («^-« 1 ) (®); 

-ij+2i) , +e^(2u^«M^) ( )• 



z. - plane 


2w i* w 3 



ii 


ly«.«3 


■ w^-w (i.e. s); (a); 

«2+«j (« ); 

( e ); 0 (0)5 
( s> ) 5 2^-u)^ ( ^ ); 


2^ ( S )$ 2w^ +«j (3C). 


v - plane 




0 

+ 


III 


CM 

& 

3 


O 

b 


lva-f|t«e 


& 


G 


17 


I i*y«V+e^ 



8 

1 

a 

1 

<B 


D 


II 

7=0 


0 


o 

l 


e 


o 


V 


■ n-l'+e^CWj-u^) ( 8 ); n+e^ (* ); 
tl+V+e^Cw^^) (®)$ 

n,+e 3 W 3 * e 00 ( 0 )$ 

-t|«-e 3 u 3 (a>); 2f|-t|«+e 3 (2« 1 -w^) 

( * ); 

00 (S); 2i)+fi«+e 3 (2u 1 +u^) (jc). 
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w = C(z) - z 

U 1 


_ _l 
2u 


i 1 2 “l / 1 2 “l 


^ 0 | tt^/l ^ 0 y 9^29^^9 Hi n* above; x = ^3^L* 

£ is a root of -n/u^; 3(0 * w^/i* 0 > 9t(0 > -c^ 


z - plane 


v - plane 


V“i 


“3 


SDj 

"*i 


z=0 


II 


l-y*. 5 

8 2 




+ 7 , 


-T 


17 


u +u 

31 l 


in 


"i VS 


ii 2 


z « w^-w 1 (i.e. e); ( * )f 

«2 C ®) i 

z = -wj-w^ (i.e* 8 ); Wj-Mj ( 8 ); 

-« 3 ( Of 

z * -w^ (i.e. »); ui^ ( rc); 0 (<*) 

z (i.e. <p); £($);- 5 ( s ); 
- K (• ) 

line segments y = 0, -« 1 <x<0 or 
0 < x < oj^t respectively 


w ■ - 


2w 


(i.e* e; a ; «) 


i 


w = 0 (©); 0 (ac); oo ( fl )• 

w p * SCO - 3l; w p ( £ ); -w p ( s ) 

-w p (<» ). 

half-lines v = 0, 0 > u > -oo or 


oo>u >0 
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The transformation is a combination of 


dw _ 
ds 


s + n/< 


(s-e 1 )(s-e 2 )(s-e^) 


and s = tpz 


Some doubly connected regions 
on plane with two slits at least one of which is finite 


13*11 Ring on plane with two slits in line. 


w * & (log §) ; w. » log B, ul = i ic 

r a r 3 


Given: r > 0, R > r. 



- plane 


ls|*B 

|Z|-T 


y=0 


II 


); r (a>); -R («); 


w - plane 


II 


a v=0 


w = e 1 (fl); oo ( a>); e 2 (*); 


e 3 (e ) 


segment eg < u < e^ of v = 0, 


counted twice* 


half-line -oo < u < e^, v = 0, 


counted twice* 
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w = sn /-iS— log —2—') 

\ log R/p >/Rp/ 


Givens p, Rj R > p > 0 . t 


here Ki = —— 
K log R/p 


2in 

log R/p* 




K, K» as in § 13 . 1 ; 


z - plane 



z * R (i.e. a); \/Rr ( s ); r (© )$ 
-r (<3)5 - >/Br ( ); -R ( « ). 

circle |z|= R 


cipcle |z|= r 


circle |z| = ^Sr 



v - plane 


e 



IF 




-1 




a 

H 

1 


ffl y=0 

1/k 


(F 


III 





w = l (a); 0 ( s ) $ -l ( © ); 

-1/k (<3)5 00 (5)5 1/k ( « ) • 

segment 1/k of v = 0, 

counted twice. 


segment -1/k < u < -1 of v = 0, 
counted twice. 


line u = 0. 
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rcular holes on plane with two 


in 


w = p(log + 1 log fl±£) ; 

z-c 2 a-c 


u = l log to ts usfl , u -te. 

1 2 (b-c)(a-c) ’ 3 


Givent a, b, r^, r-, all positive; but a^-r? 


b^-r? 


r 2? « 


i 2 -r| > 0 


z - plane 


w - plane 


|z-b|«r 2 


la+al^ 1 S X 

-f \~1hrV I 1 


b+P 2 (i.e. a); b-P 2 («); 
-a+p^ ( e ); -a-r- (© ) 


C2 <n 


V*=0 


II 


w * e 


1? e 2 ; 


*3 5 


oo 


clpcle |z-b | 


segment e 2 £ u £ e^ of v * 0, 


counted twice 


clpcle |z+a | 


half-line v = 0, e^ > u J> -oo, 


counted twice* 


w - sn{S log Si& ♦ p} , 


\ = 


Ms.ats . T = is 

b-e a-c » v 


/ e 2 (v) » 2 

* p 
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z - plane 

v - plane 


II 

Figupe as above 

e sd a © 

-1/k 3 " %2o "1 v=0 l/k 


I 

z ® b+P 2 (i.e. a >5 b-r 2 (» ); 

-a+P 1 ( e ) 5 -a-P x ( » ) 

$ * 

1 £ 

H H 

1 

II 

> 

circle |z-b | * r 2 

segment 1 £ u l/k of v = 0 f 

counted twice 

circle |z+a | = r^ 

segment -1 > u > -l/k of v = 0, 

counted twice. 


13.12 ft-lng nn nlann wi th two Parallel silts. 



-C(l log - 2 =) + log 



(cf. §10.3 and §13.10;pp. 92, 190) 


Given: r, R; r > 0, R > r. 

w, = X, w. = 4 log § • X is the root of p(\+uO = - ^ 
1 f 3 2 p 3 it 

- n < X < 0; £ (4»^) * n* 5 s ^ + Wy T 8 X« 


z - plane 

w - plane 

See figures 

on next page 

z«R(i.e.s); VRt(«)$p(«)$ 

w = |(sf)$ 00 (a); - 4 (<b)$ 

-p ( e ) 5 - \/Rr ( © ) 5 -R (8)5 

- A ( e )$ 0 ($ ); 4 ( s ); 

re lK (O; He* (a); 

C( 5 ) - & («-); £<*) - («); 

It It 

pe~*k ( s ); Re"* 1 ^ ( <r ) 

- «X ) * & < *); -C( 5 ) + 

It It 
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z - plane 



w - plane 



circles | z | - R; | z | = r 
circle | z | = V 5 r 


slits q(«; ( p s 
line v = 0 


The positions of <p, Q , tn , $ in 
the diagram are not supposed to 
be exact. 




III 


a 



Plane, with two circular holes r on plane with two parallel slits . 

, where X = i log {(|±|. g=|) lA }, 

“1 = *» = i log (§*§• 5 Z§ ) 5 £(<■>!)= It «:(Uj) = n* • 


Given: a, b, r^, r 2 , all positive, but a 2 -r^ * b 2 -^; c " Y a2 " r i > 

X is the root of (X+u^) = - it < X < 0. 

Figure in v - plane as before. 



z - plane 


See figure on next page 






z - plane 


* 

/ 


/ 


\ 


\ 


ii 


r 

/ 

/ 

T 

\ 






eV-H©t- 

\ I 


*b 


y=0 


\ 


nr 


i**s 7St, ; / 

\ >y 

'Y_^ / 

/ 


Is. 


*/*h 


|z+p|=q 


III 


g+1 

»i-l * 


q = 


e y 


I Ji-H * 


where 


1/S 


<p s 




a+c b- 


c sin X 


z » -a+r,e Y 9 where tan 9 = . ; s s z * -a+r_ e 

A a cosX -r^ 1 

c sin X . . 


-i? 


z « b+roe^ f where tan\b = - — <n : z = b+r 2 e~*+ 

41 * r 2 - b cos X 

The positions of these points in the diagram are not exact* 



- plane 


circles |z+a | * r^; I z-b | » r 2 
circle |z+p| = q 
segment -a+r^ <£ x £ b-r 2 of y=0 
segment -p-q <x ^ -a-r^ of y»0 
half-lines y«0, x > b+r 2 , and 

y*0, -co < x £ -p-q, 
together 

circle y » touching |z+a | =r^ at 
exterior to |z+a | = r^ and to 

| z-b | =r. 


w - plane 


slit <p s; slit $ <R 
line v « 0 

segment - of u=0 (i.e*es) 

half-line u= 0 , -00 <v ^ - ^(i.e. c<b) 

half-line u=0. 1 < v < co (i.e. s a) 

* 2 


aerofoil, surrounding slit <p s, 
cusp at <p (not in figure) 


If a=b, then r^rg, and | z+p | =q is replaced by x= 0 o 


For a similar transformation, with details, see Tricomi, pp. 239 - 21 * 6 , 
and C. Ferrari* 
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14.1 The modular function v = X(*Q « 

Curvilinear triangles with angles 

0, 0, 0; ic/5, n/5, 0; ic/2, 0$ k/ 2, 0, 0? 2it/3, 0, 0. 

= k 2 , 3 (t) > 0; t = x+ijr. 

a, p, Yt & integers; a and 6 odd, y and p even; 06 - yP® 1« 
Critical points: t= 005 any point on y = 0 , 




plane 



plane 



Points 



—j T+I5 
T+l* t’ ’ 




t = i (i.e. d); i-1 (® )$ 


- |+|^3 <«)i f+§>/3 (*); 

+ l+A ( I. »). 

2 2 ’ 



w = x ' (T) 15 do* 



l.\(T)* \(T) 

w = £ ( a )} -1 (« )} 

i-| </3 (<« )} l+l ^3(0; 

2 ( * , a>). 






14 . 


t - plane 

Area of curvilinear quadrilateral y 
bounded by half-lines x = +1 
(y > 0) and by semi-circles 

k± ||= \ (y £ 0) 

Area of curvilinear triangle 
ae/lge, with angles 0, 0, 0 

Area of curvilinear triangle 
a (ft s s a, angles n/3, it 73 , 0 

Area of curvilinear triangle 

angles x/2, x/3, 0 

Area of curvilinear triangle 

angles n/2, 0, 0 

Area of curvilinear triangle 
ausa, angles 0, 2*73, 0 


v - plane 

whole plane, with the two slits 

cut half-plane u < 0 (i.e. VI+V , +I+ 

r+v+vi 1 ) 

region I+I* (see §7.1) 
region I 1 (see § 7 * 3 ) 
quadrant u < 0 , v > 0 (i.e. I'+V+VI} 

region I'+III (see §7*3) 


By t* = the area of the above quadrilateral is mapped on that 

G+pt 

of another curvilinear quadrilateral, also with angles 0 , 0 , 0 , 0. By 
w = X(t') each of them is mapped on the whole plane, with the two slits 
as above. All the quadrilaterals together cover the half-plane y > 0 . 


w _ j(t) _ i e 0 (T)4e l (T)4e f (T) _ _4 { 1-X(t)+X 2 (t)} 3 

W=JT = 54 * ;«e o (T)0 2 (-c)e 3 (- C )|8 = 27 |\ 2 (t)-\(t) j-2 


£2d 


27g|-g? 


(cf. §13.1), y > 0 (t =x+iy) 


Also ic 0 o (t) 0 2 (x)@^(t) 


Critical points: t = oo; any point on the axis y = 0 . 


Combination of C * X(t) and w = 


If (1-Cft 2 ) 3 

27 o: 2 -o 2 ’ 


cf. § 7 . 3 f pp. 54 , 55 . 



£- plane 


v - plane 


!• 


Cp-1 


I' 


C*o, 


a 


" \ 

3(0* 0 12 


* 


V 





point w = J(t) = J(t*) 
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By *• * 2£j^E the region (I+I*) of the t -plane is mapped on the area 
of a curvilinear triangle, also with angles ic/^ y n/3 y 0. Each of these 
areas is mapped on the cut w-plane by w = J(t* ). All the triangles 
together cover the half-plane 3 (t) > 0. 


t - plane 



Of any two curvilinear triangles, with angles n/2, it/3, 0 which 
are separated by an arc of a circle or by part of a line the one is 
mapped on v > 0, the other on v < 0. The equation of a circle which 
passes through t = n (n = 0,+l, •••) is | v-n-1 AI * 11 /kl (k =* +l,+2, •••); 
some of them are shown in the figure* Also there are other circles, 
all of them with centre on y = 0. 
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, with angles o, on circle. 


0 < o < ic; p = 


where 


2x 


radius of a sax ^|cos(j + j) 


-1 


z - plane 


w - plane 


= 2x1/3 


6«P\ II / 

\ / 

III \ / 

IV / \ 

Ffi/ 7 \ 


VI 


\v. 

m 


w»l 

a 


W=p' 


w = z 


r(|)r(| + p )f (| - p - p ,^5 z 3 ) 

r(|)r(| + p ) P (|.p,I_p,| ja 3) 


b n «, i + r + >U+l)b(b+l) *2 + a(a+l)(a*2)b(l>»l)(1»2) -3 + 
* * * ljc 2Jc(c+l) 3Je(c+l)(c+2) 

( I Z I < 1) is the Gaussian hypergeometric series. 


Case « ■ 2» see §13,6. 


2 

Case a s Os z = \[£—l££L) (cf. §14.1) naps the Interior of the circular 

_ V w-1 / 

triangle a <b e, with angles 0, 0, 0, on half-plane y > 0. 



- plane 


0; 1; oo 


2* I 

*1 o 


- -1; e 


ix/3 



x * oo; 0; 1 


T 2> 1 


i+it - P ' 


w - plane 


w = 1 (i.e, a )$ p(«);p 2 (e|) 


w = V3-2 ( ® )j (2- 73)© 


ta/3 


( ©) 


in /3 l w s ( 2 - 73)©“ itt/;3 ( *)•, 0 ( o). 
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GEOMETRICAL SUBJECT INDEX 


ABBREVIATIONS: C = circle, P = plane, R = rectangle, 
St = strip* HC = semicircle, HP = half plane, 

HSt = semi-infinite strip* Q = quarter; s = slit, 

e*g: sC = circle with one slit inside it, ssP = 
cut plane, with tero slits; QC = quadrant of circle* 

Double slit: two disjoint semi-infinite slits in 
line* 

Letters in brackets, behind the number of the page, 
indicate the region on which the interior, unless 
stated otherwise, of the configuration concerned is 

mapped• 


Aerofoil: 50 (HP); its exterior 66-69 (C); 69-71; 132, 13?. 

Angle: 9, 19 (on itself); 25, 26, 27, 35, 40-42, 44-46, 63 , 72-75, 77; 

1 ??. 

Two angles with parallel arms: 140 (QP), 156-158 (HP)* 

Annular region: cf* two circles without common point* 

Asteroid: 81* 

Borda 1 s mouthpiece: 166 • 

Cardidoid: 38 , 44, 107. 

Casslnian, lemnlscate: 38 , 39; 73-75, 100, 174-176; generalised: 

42, 43* 

Circle: on circle or straight line, see Part I; general formulae 

6-8, 20; on itself 20; on another circle, with centre on 
centre, 60-62; circle with slit 113 (St), 132-135. 

Two circles, or circle and line, (i) in contact 21-24, 67 , 

(ii) without common point 28 - 32 , 38 , 86 , 90 - 92 , 127 - 130 ; 
191-196 (ring on sP, plane with two holes on sP). 

(iii) intersecting 25-27, 48-50, 61, 62, 91; 112 (HSt). 

Ellipse: exterior 62 (C), interior 177 (C); 63 , 75, 97, 130* 

Fixed points: 1, 2, 9, 11, 12, 13, 14* 

Flow perpendicular to finite barrier: 168* 

Free stream-lines: 145, 165-168* 
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Half plane: 16-20; with 

finite slit: 76 (HP); 175, 176 (R); 192, 195 (ring), 
infinite slit: 46; 76, 150 (HP); 97, 116 (St); 197 (triangle 

with angles 0 , 0 , 0 ). 

double slit: 140 (St); 145; 152 (HP), 
two infinite slits: 151 and 154 (HP). 

Half plane excluding a semi-infinite strip: 159 (HP). 

Hyperbola: 375 generalised hyperbola 41-43; 63, 73-75, 95-97, 174. 
Involutory transformations: 1 , case (ii); 3, 9, 12 , 13, 19, 73, 120 . 

Jet: 167. 

Lemniscate: cf. Cassinian. 

Limajon: 38, 107. 

Odd shapes, linear configurations: 148, 161, 162, 182 (HP). 

Parabola: 36 , its exterior 39 (C, HP); interior 125 (C, HP), 126; 107; 

generalised parabola 4l. 

Plane, with 

finite slit: 59, 60 (C); 78 (HP); 88, 90, 91, 100, 102 (St), 
curved finite slit: 91 (St). 

infinite slit: 35 (HP); 41, 44 (angle); 85, 101, 106, 107 (St); 

199. 

double slit: 59, 77 (HP); 88-90, 98 , 102 (St); 184, 186 (rhombus); 

197 (quadrilateral with angles 0,0,0,0). 
two slits: 46 (angle); 114, 116 (St); 152, 153 (HP); 191, 192, 

195 (ring); 193, 154, 196 (plane with two holes), 
two double slits: 152 (HP). 

star-shaped slit: 79 (HP). 

a number of equally spaced, Infinite slits: 80 (HP), 
an Infinity of finite slits: in line 134; parallel 135. 

T-shaped slit, the stem of the T being semi-infinite: 96 (HSt). 

X-shaped slit: 190 (R). 

Polygon: 141-144 (HP); regular polygon 183 (C). 

Quadrilateral, curvilinear; cf. triangle. With angles 0,0,0,0: 198 (sP). 

Quarter of plane: 140; 174 (square); with slit 154 (HP); cf. 157, 163. 
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Rectangle: Its Interior 

86, 92 (cut ring), 87 (sector of ring), 92 (plane with two holes 

and slit)* 

96, 97 (regions bounded by ellipses, hyperbolas). 

170-176 (HP, sP, sHP, QP). 

188, 189 (two HS^s); 190 (P with X-shaped slit). 
exterior of R: 178, 179 (HP); 

178, 187, 188 (interior of another R). 

Rhombus: 184-186 (P with double slit, single slit). 

Ring: cf* two circles without common point. 

Rounded comer: 80, I 63 , 164. 

Sector: 45, 51, 52 (HP); 108; 110 (sSt); 

of a ring: 87 (R), 127 (cut ring; cf. §6.2). 

Semicircle: 52 (HP). Cf. sector. 

Semi-infinite strip: cf. strip. 

Square: 172 (HP), 174 (QP), 182, 183 (C). Cf. rectangle* 

Strip: 21-24 (regions bounded by circles, or circle and line). 

36 (region bounded by parabolas). 

85, 88, 89 , 90, 100,101, 102, 114, 116 (HP, sP, ssP). 

95 (sHP); 140, 145-148 (ssHP); 89 , 91 (C); 113 (sC). 

87 (angle). 

cut strip: 94, 155 (HP); 108 (angle); 109 (QP); 110 (sector); 

120 (St); 123 (sSt); 133 (sC); cf. 162. 
strip, excluding HSt inside it: 160* 
strip, with double slit: 98 ; 

with several slits: 111 (sC); 118 (HSt); 121. 
semi-infinite strip: 90 (sC); 96 , 97 (QP, HP); 

101, 102 (HP); 103, 104, 118; cf* triangle, quadrilateral, 
with one angle =0* 
its exterior : 159 (HP); cf. 160 (HP), 
two semi-infinite strips: 

(i) one inside the other: 181 (HP). 

(ii) disjoint, region exterior to them: 180 (HP); 188, 189 (R). 

Triangle (i) rectilinear , with angles 

it/3, n/3, h/ 3: 184, 185 (HP); 186 (sHP). 
ic/2, ic/3, ic/6: 184 (QP); 187 (HP). 

211/3 , */6, ic/6: 184 (sHP); 186 (HP); 187 (sP). 
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Triangle (1) rectilinear , with angles 

x/2, xA, xA, 171, 172 (QP, HP); 17*+ (various regions); 

182 (HC, qc); 183 (HP). 

(li) curvilinear , one or more sides are arcs, one vertex may 
lie at infinity; with angles 

a, a, a (0 £ a < x); 201 (C); a, a/2, x/2, 201 (HC). 
a, x/2, x/2 (0 < a < 2x)» 53 (HP); cf. sector. 

k/2, x/ 3, */3t A, 55, 199 (HP). 
x/2, x/3, xA, 56, 57 (HP). 

0,0,0* 198 (sHP); 201 (HP). 

o,o,x/2i 198 (qp). 

0, x/2, x/3, 198 } 199, 200 (HP). 

0, «/3, «/3* 198; 199 (sP). 

0,0,2x/3t 198; 200 (SP). 





